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1 Introduction and Preliminaries

The Banach fixed point theorem is an important tool in the theory of metric spaces, it guarantees the
existence and uniqueness of fixed points of certain self-maps of metric spaces, and provides a constructive
method to find those fixed points was introduced by Stefan Banach [1] in 1922. Important, the study of fixed
point theory started from such theorem as follows: Let 7" be a self-mapping on metric spaces X. Then 7' is called
a contraction mapping if there exists r € [0, 1) such that

d(Tx,Ty) < rd(z,y), forallz,ye X.

In 1969, Kannan [2] extended the concept of Banach [1] and obtained the same conclusion as in Banach’s
Theorem but with different sufficient conditions as follows: Let 7" be a self-mapping on metric spaces X. Then
T is called a Kannan mapping if there exists r € [0, %) such that

d(Tz,Ty) <rd(z,Tz) +rd(y, Ty), foralz,ye X.

In 1972, Bianchini [3] introduced generalized Kannan mapping which generalized the concept of Kannan
[2] as follows: Let T be a self-mapping on metric spaces X. Then T is called a generalized Kannan mapping
or Bianchini mapping if there exists r € [0, 1) such that

d(Tx,Ty) < rmax{d(z,Tx),d(y, Ty)}, forallz,ye X.

In 2015, Khojasteh et al. [4] introduced the notion of Z-contraction defined by simulation function. Then,
Khojasteh et al. proved a new fixed point theorem concerning Z-contraction which generalizes Banach’s con-
traction principle. Recently, Roldan Lopez de Hierro and Shahzad [5] introduced the concept of R-contraction
defined by R-function in order to generalize the previous results.

On the other hand, Bakhtin [6] and Czerwik [7] developed the notion of b-metric space and established
some fixed point theorems in b-metric spaces. Subsequently, several results appeared in this direction [8, 9, 10,
11, 12, 13, 14, 15]. Recently, Mongkolkeha and et al. [17] introduced the notion of a simulation function in the
setting of b-metric spaces as follows:
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Definition 1.1. /7] A b-metric on aset X is a mapping d : X x X — [0, +00) satisfying the following conditions:
Joranyz,y,z € X,
1) d(z,y) = 0 ifand only if x = y;

(b
( ) ( ay)*d(ya )
(bs) there exists K > 1 such that d(z,y) < K(d(z, z) + d(z,y)).

Then (X, d) is known as a b-metric space with coefficient K.
Note that every metric space is a b-metric space with X' = 1. Some examples of b-metric space are given below:
Example 1.1. [7, 16]
(i) Let X = R. Define a mapping d : X x X — [0, 00) by
d(z,y) = (z + y)? forall z,y € X.

Then (X, d) is a b-metric space with coefficient X' = 2.

(ii) Let X = 1,2, 3. Define a mapping d : X x X — [0,00) by d(1,1) = d(2,2) = d(3,3) = 0,d(1,2) =
d(2,1) = 2,d(2,3) = d(3,2) = 1and d(1,3) = d(3,1) = 6. Then (X,d) is a b-matric space with
coefficient K = 2.

(ii1) The set of real numbers together with the functional
d(z,y) = |z —y/?

for all (x,y € ) is a b-metric space with constant s = 2. Also, we obtain that d is not a metric on X.

(iv) Let X = {0,1,2} and a functional d : X x X — R be defined by
d(0,0) = d(1,1) = d(2,2) = 0,
d(0,1) = d(1,0) = d(1,2) = d(2,1) = 1
and

d(2,0) =d(0,2) =m
where m is a given real number such that m > 2. It is easy to see that

d(a,y) < Glde,2) + d(z,y)

for all 2,y, z € . Therefore, (X, d) is a b-metric space with constant s = . However, if m > 2, the
ordinary triangle inequality does not hold and thus (X, d) is not a metric space.

In 2017, Mongkolkeha and et al. [17] introduced a simulation function in the framework of b-metric spaces
shown below:

Definition 1.2. [17] Let K be a given real number such that K > 1. A K-simulation function is a mapping
¢ :]0,00) x [0,00) — R satisfying the following conditions:
(¢1) €(0,0) =0;
((2) C(Kt,s) <s— Kt, forallt,s >0
(C3) if {tn}, {sn} are sequences in [0, 00) such that llm Kt, = hm sp > 0andt, < s, foralln € N,

then

lim ((Kty,sn) <0.

n—oo

The class of all K -simulation functions ¢ : [0,00) X [0,00) — R is denoted by Z*

Example 1.2. [17] Let A\, K’ € R be such that A\ < 1 and K > 1. Define the mapping ¢ : [0, 00) x [0,00) — R
by

s— Kt if s<t,
C(Kt,s) = {)\sKt

Ks+1

if otherwise.

Then¢ € Z*but¢ ¢ Z.
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In this year, Wiriyapongsanon and Phudolsitthiphat [18] defined a generalization of R-contraction in b-
metric spaces, called R’-contractions, via R’-functions and proved the existence and uniqueness of fixed point
for such classes of mappings in complete b-metric spaces.

Definition 1.3. /18] Let K be a given real number such that K > 1. A function o : [0,00) x [0,00) — R is
called R'-function if it satisfies the following two conditions:

(0)) If {an} C (0,00) is a sequence such that o( K an41,ay,) > 0 foralln € N, then a,, — 0.

(05) If {an}, {bn} C (0,00) are two sequences such that limsup Ka,, = limsup b, = L > 0 and verify-

) n—oo n—oo
ing
that L < Kay, and o(Kay,by,) > 0foralln € N, then L = 0.
The class of all R'-functions o : [0, 00) x [0, 00) — R. is denoted by R* We also consider the following property.
(05) If {an},{bn} C (0,00) are two sequences such that b,, — 0 and o(Kan,b,) > 0 foralln € N,
then
a, — 0.

Lemma 1.4. [18] Every K-simulation function is a R-function that also verifies (0%).

Definition 1.5. /5] Let (X, d) be a metric space. A mapping T : X — X is called R-contraction if there exists
an R-function ¢ : A x A — R such that ran(d) C A and

o(d(Tx,Ty),d(x,y)) > 0forall x,y € X such that x # y.

Notice that if we take o(¢,s) = As — ¢ forall s, > 0 and A € [0, 1) in Definition 1.5, then R-contraction
become the Banach contraction.

Theorem 1.3. [18] Let (X, d) be a complete b-metric space with coefficient K > 1. Let T : X — X be
R’-contraction with respect o € R*. If o(Kt,s) < s— Kt forall s,t € (0,00) then T has a unique fixed point.

In this paper, we extend and improve R’'-contractions and via R’-functions mappings to R’-Max-kanan
and R’'-kanan mappings by using the concept of kanan mappings. Second, we establish new mapping, that is
R’-Max-kanan and R”-kanan mappings and prove the results of fixed point for R’-Max-kanan and R”-kanan
mappings in b-metric spaces. Moreover, we obtain fixed point theorems for R’-Max-kanan and R"'-kanan map-
pings in b-metric spaces and present some examples to illustrate and support our results which generalized the
concept of Kannan [2], Bianchini [3].

2 Results

In this section, we proof fixed point for R’-Max kanan mapping in b-metric spaces.

Theorem 2.1. Let (X, d) be a complete b-metric space with coefficient K > 1. Let T : X — X be R'-Max-
kanan mapping , i.e.,

0(2Kd(T'z,Ty), max{d(z,Tz),d(y,Ty)}) > 0
with respect o € R*. If 0(2Kt,s) < s — 2Kt forall s,t € (0,00) then T has a unique fixed point.
Proof. Let xy € X be a arbitrary point. Let {2, } be Picard sequence of 7' based on x, that is, 2,11 = Tx,,.
If there exists ng € N such that z,,, 11 = zo, then T'x,,, = x,, Which implies that x,,, is a fixed point. Assume

ZTp # Tpiq foralln € N. Let {a,} C (0,00) be a sequence defined by a,, = d(x,, p41) > 0 foralln € N.
By R’-Max-kanan mapping,

Q(2Kan+lv an) = Q(QKd(ln+1a xn+2)7 max{d(xn, anrl)v d(xn+1; xn+2)})
= 02Kd(Txy, Txpi), max{d(x,, Txy), d(xns1, TTpni1)})
> 0.

If max{d(zn, Tnt1), d(Tnt1, Tni2)} = d(Tnt1, Tniz2), then

0 < 02K d(Tpy1,Tnt2), d(Tny1, Tni2))
< d(Tpi1,Tny2) — 2Kd(Tp41, Tny2)
=a, — 2Ka,
<0,
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which is a contradiction. Thus

Q(QKan+17 an + anJrl) = Q(QKd(anrla xn+2)a d(-rn; CC7z+1))
02Kd(Txy, Txni1),d(@n, Tay))
0.

Vol

By using the condition (o)), we get that

lim d(z,,zp4+1) = lim a, =0.
n— 00 n— 00

Next, we show that {z,, } is a Cauchy sequence reasoning by contradiction. If {x,,} is not a Cauchy sequence,
then there exists g > 0 such that

A(Xpy, s Ty ) > €0 and d(Xy,, , Tm,,_, ) < €0 for all my > ng > k. 2.1)
We consider, for any mg > ng > k,
g0 < d(@ny, Tmy ) < K(d(Tnyy Tmy_y) + (@15 Tmy)) < K(eo +d(@my_ys Tmy))-
Taking limit superior from k to infinity, we have

g0 < limsup (@, s Tm,, ) < Keo. (2.2)

k— o0
Since d(Zn, 1, Tmy_y) < K(d(@ny_ys Tny) + d(@nyy Ty, ))» taking limit superior from k to infinity,

limsup d(zn,_,, Tm,_,) < Keo. (2.3)

k—oo

Ifd(xn,, 1s%m,,_,) =0 for some kg € N, then z,,, = ¥, , which contradict to (2.1) Therefore
Tnp_y # Tm,_, forall kg € N. By R'-Max-kanan mapping, we get

O < Q(QKd(xnk ) -rnLk )a max{d(-rnk,l 9 xnk)7 d(xmk,l ) x’mk)})
K max{d(xnkﬂ » Ly, )a d('rmk—l y Ly, )} - 2Kd(‘r”k y Ly, )

So, we have
2K d(Xn,, s Tm,,) < max{d(xn,_,,Tn, ), d(Tm,_,,Tm, )} forall kg € N. (2.4)
By (2.2), (2.3) and (2.4), we get that

2Keg < limsup 2K d(xp, , Tm, ) < limsup(max{d(zn,_,,Tn, ) A @my_,+Tm,)})-

k—oco k—o0

By continuity of maximum functions, we have

2Keg < limsup 2Kd(xy, , Tm, ) = max{limsup d(z,, ,,Zn, ), imsupd(zm, ,,Tm,)} = 0.
k—»00 k—o00 k—r o0

Since 2K ¢y < 0, we have Key = 0. That is a contradiction. Thus {z,, } is a Cauchy sequence. Since (X, d) is
complete, there exists z € X such that x,, — z. By definition of convergence sequence,

for any € > 0 there exists N such that d(x,,, z) < € forall n > N. (2.5)

Next, we will show that z is fixed point. Let 2 = {n € N : d(x,,2z) = 0}. Assume that ) is not finite,
then we can find ny > N such that d(z,,2) = 01i.e. x,, = 2. Since T, # Tp,+1 and Tpy11 = Txp, =
Tz,and then z # T'z.

Lete = 4512 > 0. By (2.5), we have

e>d(xngt1,2) = d(Tan,,z) =d(Tz,z) = 2,

which is a contradiction. Therefore (2 is finite, there exists ng such that d(z,,, z) > 0 for all n > ng. Since T is
a R'-Max-kanan mapping,

0 < 0(2Kd(Txy,Tz),max{d(x,, Tx,),d(z,Tz)})
< max{d(xn,Tx,),d(z,Tz)} — 2Kd(Txy,Tz).
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Hence,
2Kd(Txy,,Tz) < max{d(z,,x,+1),d(z,T2)}.

If max{d(zn, xnyt1),d(z,Tz)} = d(z,Tz), then

2Kd(Tx,, Tz) < d(z,Tz).
< Kd(z,Tx,) + Kd(Tz,, + Tz),

$0,
Kd(Tx,,Tz) < Kd(z,Txy,). (2.6)

If max{d(zn, xnt1),d(z,T2)} = d(xpn, Xni1), then
Kd(Tx,,Tz) <2Kd(Tz,,Tz) < d(@n, Tni1)- (2.7)
Taking limit » to infinity on (2.6) and (2.7), thus

lim Kd(Tz,,Tz) = 0.

n—o0

That is {x,,+1 = Tz, } — Tz. By the uniqueness of the limit, Tz = z. Finally, we show that z is unique fixed
point of T'. Assume x = Tz and y = Ty such that = # y. We consider

0 < o(2kd(Tz, Ty), max{d(z,Tz), d(y, Ty)})
< 0—2kd(z,y).
Sox =y. L]

Example 2.2. Let X = [0,1] and d(z,y) = |z — y|? forall z,y € X, then (X, d) is a complete b-metric space
with coefficient K = 2. Let T : X — X be given by T'(z) = ﬁ forallz € X. Forall z,y € X such
that z > y, we have

1Y) = <m3+x _\FEJSQer))Q

_ (3% —y +ﬂcy(w—y)>2
\/ﬁ3+x )3+ )

™ <3($ W )+my(xy)>2
1 B+x)(3+y)
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and we get,

2

W)Q’(x_x/ﬁgw)y}

2
V11322 + 2%y + 32y + 92) — 322 — 2%y
= max ,
VIIB +2)(3+y)

max{d(z,Tz),d(y,Ty)} = max { (:v -

2
VI1(3y? + 2y? + 3zy + 9y) — 3y? — 29>
V11(3+z)(3+ )

2

- 1 V11(32% + 2%y + 3zy + 9z) — 322 — 22y

- X _— 5
11 B+z)(3+v)

2
1 [ V11(3y? + xy? + 3zy + 9y) — 3y> — >
11 B+ 2)(3+vy)

—_

2
Fol <\/11(3x2+x2y+3xy+9x)—3372—3523/) e
1 )

T 11 B+2)(3+7)

>

1 (/9(3a® + o*y= 3wy # 9z)—= 32 — 27y ’
11 B+2)3+v)

1 <3(2x2 +9z) + zy(2z + 9))2

11 B+x)(3+v) '

Define o : [0,00) x [0,00) — R by o(2t,s) = Tis — 2t, thenp € R™.
Therefore

0(2d(Tx, Ty), max{d(x, Tx),d(y, Ty)})

2 2
(e, (2 )=o) :
- 1% ' 7l (3(2x2+9m)+zy(2z+9))2 11 (3 + .’E) (3 + y)
iy GG +y)
. 2
(O i —, <3(f2 — ) +ay(z — y) ) :
1 (L&) il B+z)(3+v)

- 1 (3(23@2 +9z) + zy(2z + 9))2 Y (3(1:2 —y?) + zy(x — y)>2
~ 44 B+ 2)(3+y) 11 B+z)3+1v)
< 1 <36x4 + 32423 + 72922 + 24xty + 21623y + 48622y + 4xty? + 3623y? + 81x2y2)
44 B3+ 2)2(3+y)?

2 [(9z* — 182292 + 9y* + 62ty — 623y — 62293 + 62yt + 2%y? — 22393 + 22y

11 ( B+z)?B+y)? >

—36x* + 32423 + 72922 — 24xty + 21623y + 48622y — 4xty?+
84312 + 22522y — 72y + 4822y — 48xyt + 1623y3 — Syt

1
>
T 44 (34 2)2(3 + y)2
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1 [ —36z* 4 32423 + 72922 — 242%y + 2122%y? + 48622y + 84a3y? + 153y* + 8x22y*
>3 ( B+ 2723+ 0 ) w2
- 1 (288x4 + 72922 — 24xty + 21222y? + 48622y + 84x3y? + 153y + 8x2y4) 3
T 44 B+ 2)2(3+y)? =
1 (2642° 4 72927 + 21222y? + 48622y + 84a”y? + 153y* + 8z2y*\ S 5
44( B+ 272G +y)? > e
> 0.

Thus T satisfies the R'-Max-kanan mapping of Theorem 2.1 and 0 is the unique fixed point of 7.

Definition 2.1. Let K be a given real number such that K > 1. A function g : [0,00) X [0, 00) — R is called
R -function if it satisfies the following two conditions:
(01) If {an} C (0,00) is a sequence such that 9(2K an41,an + ant1) > 0for alln € N, then a,, — 0.
(05) If {an}, {bn} C (0,00) are two sequences such that lim sup K a,, = limsupb,, = L > 0 and verifying

n—oo n—oo

that
L < Kay, and o(Kay,by,) > 0foralln €N, then L = 0.
The class of all R"-functions ¢ : [0,00) x [0,00) — R is denoted by R**. We also consider the following
property.
(05) If {an}, {bn} C (0,00) are two sequences such that b, — 0 and o(Kay, b,) > 0 for all n € N, then
a, — 0.

Theorem 2.3. Let (X, d) be a complete b-metric space with coefficient K > 1. Let T : X — X be R"-kanan
mapping , i.e.,

0(2Kd(Tx, Ty), d(z, Tx) +d(y, Ty)) > 0
with respect o € R**. If 0(2Kt,s) < s — 2Kt, for all s,t € (0,00) then T has a unique fixed point.

Proof. Let xg € X be a arbitrary point. Let {z,,} be Picard sequence of T' based on x, thatis, z,+1 = Ta,,.
If there exists ng € N such that z,,, 11 = xo, then T'z,,, = x,, Which implies that z,,, is a fixed point. Assume
Xy # xpyq foralln € N. Let {a,,} C (0,00) be a sequence defined by a,, = d(xy,, 2p41) > 0 foralln € N.
By R"-kanan mapping,

Q(QKan+17 an + an-{-l) = Q(2Kd(mn+1a xn+2)7 d(xna xn-&-l) + d(xn—&-la xn+2))
02Kd(Txy, Txpy1),d(@n, Txy) + d(@pi1, TTht1))
0.

Vol

By using the condition (o)), we get that

lim d(z,,z,+1) = lim a, =0.
n— oo n—oo

Next, we show that {z,, } is a Cauchy sequence reasoning by contradiction. If {x,,} is not a Cauchy sequence,
then there exists £y > 0 such that

A(Xn,, s Tm,, ) > €0 and d(xp, , Tm,_,) < €o for all my > ng > k. (2.8)
We consider, for any my, > ng > k,
€o < d(w’ﬂk ) ‘rmk) < K(d(x’ﬂk ) xmk—l) + d(xmkfl ) xmk))
Taking limit superior form k to infinity, we have

go < limsupd(zy,, Tm,) < Keo. (2.9)

k—o00

Since d(Zn,_,, Tmy_y) < K(d(l’nkq,xnk) + d(xn,,, Tm,_,)), taking limit superior from k to infinity,

limsup d(zn,_,, Tm,_,) < Keo. (2.10)

k—o0
Ifd(zp,, s Tm,, ,) = 0 for some ko € N then x,,, = @y, , which contradict to (2.8) Therefore z,,, , #
Zm,_, forall kg € N. By R”-kanan mapping,

0 < 02K d(wny, Tmy, ), d(Tny_y s Ty ) + ATy s Tmy,))
S [d(znk—l ’ :an) + d(xﬂlk—l ) ijk)] - 2Kd(x"k ’ ‘rnlk)'
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So, we have
2Kd(zp,, Tmy,) < A(@ny, o Tny,) + A @y, T, ) forall kg € N. (2.11)

By (2.9), (2.10) and (2.11), we get that
Keg < limsup 2Kd(2p, , Tm, ) < limsup[d(zn, ,, Tn,) + d(@m,_, s Tm,, )] < Keg.
k—o0 k—o0

Thus

limsup 2Kd(zp, , Tm, ) = imsup[d(zn,_,, Tn,) + A @m,_, s Tm,, )] = Kep.

k—o0 k— o0
Since Keg < 2Kd(p, , Tm, ), for all kg € N and the condition (0}), Keg = 0. This is a contradiction. Thus
{x,} is a Cauchy sequence. Since (X, d) is complete, there exists z € X such that x,, — 2. By definition of
convergence sequence,

for anye > Othere existsNsuch thatd(z,,, z) < efor alln > N. (2.12)

Next, we will show that z is fixed point. Let Q = {n € N : d(z,,, 2) = 0}. Assume that €2 is not finite, then we
can find ng > N such thatd(z,,,2) =0 i.e. z,, = 2. Since Zp, # Tpy+1 and Xpgp1 = Txp, = T, and then
z2# Tz Lete = d=zT2) -, By (2.12),we have

2
e > d(zng+1,2) = d(Txn,, 2) = d(Tz, 2),

which is a contradiction. Therefore (2 is finite, there exists ng such that d(zy,, z) > 0 for all n > ng. Since T is
a R”-Kanan mapping,

0< 0 2Kd(Txp, Tz),d(x,, Txy) +d(z,T2)) < [d@n, Tx,) + d(z,T2)] — 2Kd(Txp, Tz).
Hence,

2Kd(Txp, T2) < d(wn, Try) +d(z,T2)
< d(xp,Tx,) + kld(z,Txy,) + d(Txz,, Tz)]
<d

Kd(Tx,,Tz) (Tn, Tpa1) + Kd(z, 2p41).

Taking limit n to infinity,
limsup Kd(Tx,, Tz) = limsup|d(zy, Tny1) + Kd(z,2p11)] = 0.
n—oo n—oo

Thus
lim Kd(Tx,,Tz) =0.

n— oo
That is {z,+1 = Tz, } — Tz. By the uniqueness of the limit, Tz = z. Finally, let us show that z is unique
fixed point of 7. Assume = Tz and y = Ty such that x # y. Let a,, = d(z,y) > 0 foralln € N. We
consider

02K ant1,an + ani1) = 02Kd(Tn11,Tnt2), A(Tn, Tnt1) + d(Tnt1, Tni2))
= 02Kd(Tzy, Trps1), d(xn, Tey) + d(xni1, Tony1))
> 0.

By using (o} ), we get a,, — 0, which imply that d(x,y) = 0, which is a contradiction. So = = y. O

Example 2.4. Let X = [0,1] and d(z,y) = |z — y|? forall z,y € X, then (X, d) is a complete b-metric space
with coefficient K = 2. LetT : X — X be given by T'(x) = ﬁ forall z € X. Forall 2,y € X such
that x > y, we have

y2

) ‘\/5<4+x> VBld+y)
|2+ y) - A+ a) 2
VB +a)(d+y)

42 + 2%y — 4y® — 29

(4+z)(4+vy)

d(Tz, Ty

5
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and we have,
22 2 y? 2
d(z, Tz) +d(y, Ty) = T VBt a) ‘ C VBd+y)
_ | Vha +2?)(d+y)) —x(d+y) 2
V5(4 +x)(4+ )
f4y+y>< +2) —yd+ )|
VB4 +2)(4 +y)

2
V5(16x + 4zy + 42% + x%y) — 4z — 4y
(4+x)(4+y)

2
V5(16y + 4oy + 4y + zy?) — 4y — 4z
(4+2)(4+vy)

2
1 V4(16x + vy + 42? + 22y) — 4o — dy
5 (4+2z)(4+y)

+

2
VA(16y + 4oy + 4y? + xy?) — 4y — 4x
Ad+z)4d+vy)

1 ‘28x+8xy+8x2+2x2y—4y‘2 '28y+89cy+8y2+2xy2 — 4z
— (4+)(4+y) (4+z)(4+y)

2)
Define o : [0,00) x [0,00) = R by o(2t,s) =
Therefore

— 2t, then p € R*™.

2
> 2 42 + 2%y — dy® — 2y
2) 5 4+ z)(4+vy)

1+s

0(2d(Tx,Ty),d(x,Tx) + d(y, Ty))

1 [ | 28248zy+8a> 22y —4dy 2+ 28y+8xy+8y>+2xy% —4x
5 (4+z)(4+y) (4+z)(4+y)

o 1+ 1 28z+8xy+8x2+42z%y—4y 9 N 28y+8zy+8y2+2xy%—4x
5 (4+z)(4+y) (4+z)(4+y)

28y+8xy+8y>+2xy* —4x

1 (‘ 280+ 8y +82° 1 222y |

>

N 5 (44)(4+y) (4+2)(4+y) 4;1;2 -+ ;1;2:(/ — 4y2 — .’I,'y2 2
- 1+ 3 (3%) 5]  (@A+o)(d+y)
. 320 ’289:+8xy+8x +2xy4yr ‘28y+8my+8y2+2zy24x2 2|42 4 2%y — 4? -z
= 2,129 (44 z)(4+y) 4+ x)(4+y) 5 (44 x)(4+vy)
~ 1,280 ’14x+4xy+4x2+x2y—2y’2 ‘14y+4xy+4y2+33y2—2x2 2 da? + 22y — dy? — ay?|?
T 2,129 (4+2)4+y) (4+2z)(4+y) 5 (4+z)4+y)
. 1,280 ’12x+4xy+4x2+:c2y 2 2‘ 422 + 22y N
- jx >
2129 (d+a)d+ty) 5|(d+a)d+y) Y
>0

Thus 7 satisfies the R"/-kanan mapping of Theorem 2.3 and 0 is the unique fixed point of 7T".

3 Discussion

Future research directions may also be possible.
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Open problems 1:
If T satisfies
o(3Kd(Tx, Ty), max{d(x,y),d(z,Tx),d(y,Ty)}) > 0

then 7', has a unique fixed point.

Open problems 2:
If T, S satisfies
0(3Kd(Tx, Sy),d(x,y) + d(z,Tx) + d(y, Sy)) > 0

then 7', S has a unique common fixed point.

4 Conclusions

In this paper, we extend and improve R’-contractions and via R’-functions mappings to R’-Max-kanan
and R’'-kanan mappings by using the concept of kanan mappings. Second, we establish new mapping, that is
R’-Max-kanan and R”-kanan mappings and prove the results of fixed point for R/-Max-kanan and R”-kanan
mappings in b-metric spaces. Moreover, we obtain fixed point theorems for R’-Max-kanan and R’'-kanan map-
pings in b-metric spaces and present some examples to illustrate and support our results as follows:

1. A b-metric on a set X is amapping d : X x X — [0, +00) satisfying the following conditions: for any
z,y,2 € X,

(b1) d(z,y) = 0ifand only if z = y;

(bQ) d((E,y) = d(va)§

(bs) there exists K > 1 such that d(x,y) < K(d(z,2) +d(z,7)).
Then (X, d) is known as a b-metric space with coefficient K.

2. Let (X, d) be a complete b-metric space with coefficient K > 1. Let T : X — X be R’-Max-kanan
mapping , i.e.,
0(2Kd(T, Ty), max{d(z, Tz),d(y, Ty)}) > 0

with respect o € R*. If 9(2Kt,s) < s — 2Kt forall s,¢ € (0, 00) then T has a unique fixed point.

3. Let X = [0,1] and d(,y) = |z — y|? forall z,y € X, then (X, d) is a complete b-metric space with
1 — . 1 . $2
coefficient K = 2. Let 7' : X — X be given by T'(z) = JGT forall x € X.
4. Let K be a given real number such that X' > 1. A function g : [0,00) x [0,00) — R is called R"-
function if it satisfies the following two conditions:
(o)) If {an} C (0, 00) is a sequence such that (2K a1, an +ans1) > 0foralln € N, then a,, — 0.
(05) If {an}, {bn} C (0,00) are two sequences such that limsup Ka,, = limsupb,, = L > 0 and
n—oo n—oo
verifying
that L < Ka,, and o(Kay,by,) > 0 for all n € N, then = 0.
The class of all R”-functions p : [0,00) X [0,00) — R is denoted by R**. We also consider the following
property.
(0%) If {an}, {bn} C (0,00) are two sequences such that b, — 0 and o(Ka,,b,) > 0 foralln € N,
then
a, — 0.

5. Let (X, d) be a complete b-metric space with coefficient K > 1. Let T : X — X be R”-kanan
mapping , i.e.,
0(2Kd(Tz, Ty), d(z,Tx) + d(y, Ty)) > 0

with respect o € R**. If p(2Kt, s) < s — 2Kt, for all s,t € (0, 00) then T has a unique fixed point.
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