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Abstract: In this study, a novel fast terminal sliding mode control technique based on the disturbance
observer is recommended for the stabilization of underactuated robotic systems. The finite time
disturbance observer is employed to estimate the exterior disturbances of the system and develop the
finite time control law. The proposed controller can regulate the state trajectories of the underactuated
systems to the origin within a finite time in the existence of external disturbances. The stability
analysis of the proposed control scheme is verified via the Lyapunov stabilization theory. The
designed control law is enough to drive a switching surface achieving the fast terminal sliding mode
against severe model nonlinearities with large parametric uncertainties and external disturbances.
Illustrative simulation results and experimental validations on a cart-inverted pendulum system are
provided to display the success and efficacy of the offered method.

Keywords: disturbance observer; fast terminal sliding mode; finite time convergence; Lyapunov
stability; underactuated robotic system

1. Introduction

Underactuated systems are categories of nonlinear dynamic systems which have
fewer number of actuators than degrees of freedom [1–5]. The stabilizer and tracker design
problems of these dynamical structures involve wide investigation due to their application
in flexible manipulators [6], marine vessels [7], robotics [8,9], aircraft assembly [10], hover-
craft [11], legged locomotion [12], overhead crane [13], satellite [14], rigid spacecraft [15],
inverted pendulum [16], aeroelastic wing section [17], underwater vehicles [18], surface
vessels [19], quad-rotors [20,21], flexible joint robots [22], cranes [23], visual servoing [24],
proprioceptive tactile sensing [25], vertical take-off and landing drones [26] etc. Due to
low numbers of actuators, the used energy and complexity of underactuated systems are
less than fully actuated systems. This class of systems, as stated in [16], cannot be stabi-
lized (controlled) by smooth-feedback control laws since the dynamical structures of these
systems are based on differential equations in the existence of nonintegrable differential
circumstances [27]. Hence, the control of underactuated systems is a challenging issue.
Furthermore, the control methods differ from case to case for underactuated systems and
generally, may not be employed to the entire class [28].

Mathematics 2021, 9, 1935. https://doi.org/10.3390/math9161935 https://www.mdpi.com/journal/mathematics

https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0002-7062-0446
https://orcid.org/0000-0002-5676-1875
https://orcid.org/0000-0003-1645-0957
https://orcid.org/0000-0002-6193-0346
https://orcid.org/0000-0001-6282-8880
https://doi.org/10.3390/math9161935
https://doi.org/10.3390/math9161935
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/math9161935
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math9161935?type=check_update&version=2


Mathematics 2021, 9, 1935 2 of 17

In past years, much consideration has been paid for tracking control and stabiliza-
tion of the underactuated structures. Numerous control methods, for instance, Lyapunov
redesign [29], passivity-based control [30], optimal control [31], input-output lineariza-
tion [32], backstepping control [33], nonlinear state-feedback control [34], anti-swing con-
trol [35], artificial neural network [36], fuzzy control [37], feedforward control [38], H∞
control [39], coupling-based control [40], adaptive predictive control [41] and sliding mode
control (SMC) [42] have been proposed to design proper trackers and stabilizers of under-
actuated dynamical systems. SMC is a well-known control technique for design of the
robust stabilizers and trackers of various dynamical systems with uncertainty and external
perturbation [43–45]. SMC offers a discontinuous controller to force the state trajectories
to a switching surface and holds the state trajectories on a sliding surface afterwards [46].
The main features of SMC are reasonable robustness and suitable transient efficiency in the
existence of perturbations. Additionally, the advantages of SMC comprise the robustness
in contradiction of external disturbances and parametric variations, fast response, easiness
of usage and satisfied stability. Generally, the design scheme of SMC covers two main
stages [47,48]: (a) proposition of an appropriate switching surface; (b) presentation of a
proper control input. The primary stage comprises the choice of a suitable sliding surface
so that it forces the errors to remain along with the surface [49]. The next stage includes
the design of an appropriate control signal which forces errors to reach the sliding sur-
face. When the error states reach the switching surface, the system’s order is decreased.
Consequently, the control system dominates the exterior perturbations and matched para-
metric uncertainties [50]. In recent decades, SMC has been applied on several systems, for
instance, flexible spacecraft [51], chaotic flow [52], electric vehicles [53], active suspension
systems [54], electro-pneumatic actuators [55], aircraft [56], robot manipulators [57], missile
guidance [58], unmanned aerial vehicles [59], nonholonomic robots [60], and other indus-
trial systems. The traditional SMC approach has some significant weaknesses where the
system’s robust performance is not fulfilled in reaching mode and occurs high-frequency
oscillations in the controller input. The linear SMC surfaces propose asymptotic stability in
switching mode and hence, the state responses of the system are convergent to the origin
with infinite time.

In comparison with common SMC procedure, a terminal sliding mode control (TSMC)
scheme provides excellent characteristics, for instance, fast and finite time convergence [61].
For realizing the states’ finite time convergence, the TSMC technique has been devel-
oped [62]. TSMC is mainly proper for high precision control, since it accelerates the rate of
the convergence near equilibria. Actually, this procedure not only has the benefits of the
sliding mode controller, however also enhances the stability and convergence speed near
the origin [63]. The TSMC method has two problems: (a) it may suffer from singularity;
(b) while the states are far away from the origin, this method has slower convergence than
linear SMC. In past years, to realize the strong robustness and faster convergence, the fast
TSMC (FTSMC) has been suggested. In the last decade, there has been more attention in
the employment of this technique on several control problems [64]. Essentially, the fast
convergence rate of states is achieved when the initial condition is far from origin [65].
Hence, the design of FTSMC has theoretical importance. Firstly, reference [66] introduced
FTSMC approach for the stabilization of single-input single-output (SISO) dynamical
systems. A global FTSMC technique is suggested in [67] for n-link robotic manipulators.
In [68], a nonsingular FTSMC approach is applied to vehicular following systems. In [69],
the nonsingular FTSMC method is proposed for the nonlinear dynamical systems. The
adaptive control law is designed in [70] for a micro-electro-mechanical system gyroscope
using global FTSMC and fuzzy neural network methods. In [71], an adaptive nonsingu-
lar FTSMC procedure involving robust control and adaptations laws is investigated for
electro-mechanical actuators. The nonsingular integral FTSMC procedure is investigated
in [72] for nonlinear dynamical systems. However, it should be noted that FTSMC is still
required to be further considered on robust performances to tackle the perturbations.
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In [73], a hierarchical TSMC scheme is offered for nonlinear underactuated structures
which drive the error states to the equilibrium in the finite time. A discontinuous control
input based on FTSMC technique is proposed in [74] for the underactuated surface vessels.
In [75], the position control problem is proposed for the underactuated space robot, and
a hierarchical TSMC procedure is recommended. The tracking problem based on finite
time control for an underactuated autonomous surface vessel is studied in [76] using a
nonsingular TSMC approach. In [77], the control problem of an unmanned quad-rotor
helicopter using the robust TSMC technique is studied. In [78], a hierarchical development
of FTSMC strategy is planned for a category of underactuated structures. The TSMC ap-
proach for navigation of an underactuated unmanned underwater vehicle is studied in [79].
In [80], a robust nonlinear control scheme based on integral-TSMC is proposed by using
integral-TSMC, which can exponentially drive an underactuated unmanned under-sea
vehicle onto a prespecified path in constant forward speed. In [81], a nonsingular FTSMC
is recommended for underactuated spacecraft formation without radial/in-track thrust.
In [82], a singularity-free TSMC approach based on radial basis function is suggested for
underactuated mechanical systems. In [83], the diving control problem for underactuated
unmanned undersea vehicles with parametric perturbations and wave disturbances using
backstepping-based integral-FTSMC is studied. The objective of reference [84] is to design
a TSMC-based controller for the tracking and lateral motion of underactuated underwater
autonomous systems. In [85], according to the mixture of TSMC and high-order sliding
mode techniques, a robust finite time controller scheme is proposed for control of joint con-
figuration of three-link planar underactuated manipulators. In [86], the tracking controller
scheme of nonlinear underactuated robotic systems using an adaptive fuzzy hierarchical
TSMC technique is proposed. In [87], using an adaptive TSMC technique and finite time
stabilization theory, the underactuated ships follow the desired path in the finite time in
the existence of unknown perturbations. In [88], the tracking problem of underactuated
unmanned underwater vehicles is studied and a TSMC-based robust nonlinear control
technique is developed. A hierarchical FTSMC-based control design scheme is offered
in [27] for a category of uncertain underactuated nonlinear structures. Compared to the
former studies, no study is investigated about the FTSMC design based on the disturbance
observer for stabilization of the underactuated systems with exterior disturbances. Actually,
the environmental perturbations and parametric uncertainties are the principal difficulties
for the stabilization of underactuated dynamical systems. The innovation of the present
article is to design a new robust technique with fast and finite time convergence which
improves the stabilization and robust performance of underactuated dynamical systems.
Furthermore, the proposed disturbance observer satisfied the convergence of disturbance
approximation errors to zero in the finite time. Finally, the suggested controller approach
is used on a cart-inverted pendulum to approve the efficacy and proficiency of the process.
The central novelties of the present research are listed as follows:

(a) Design of a disturbance observer-based FTSMC technique for stabilization of under-
actuated systems with exterior perturbations.

(b) Satisfaction of the stabilization of the state trajectories based on Barbalat’s lemma.
(c) Finite time convergence of disturbance approximation error to zero using the distur-

bance observer law.
(d) Confirmation of the proposed method by using the illustrative simulations and

experimental assessments on the practical cart-inverted pole.

The remainder of the current paper is prepared as follows: the problem definition of
the cart-inverted pole is provided in Section 2. Main results including the stabilization anal-
ysis and the design process of suggested technique are given in Section 3. Demonstrative
simulation outcomes and some experimental studies on the practical cart-inverted pole are
displayed in Section 4. Lastly, conclusions are provided in Section 5.
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2. Problem Definition

The nonlinear second-order system with exterior disturbance is considered as [89]

.
x1(t) = x2(t),.
x2(t) = f (x, t) + b(x, t)u(t) + d(t),

(1)

where x1(t) and x2(t) are states, b(x, t) and f (x, t) denote the nonlinear time-varying
functions, u(t) specifies the controller signal, and d(t) signifies exterior perturbation.
Generally, the exact representation of these systems is not in the canonical form. Then, the
dynamical equation of underactuated systems (cart-inverted pendulum) is presented as

.
x1(t) = x2(t),.
x2(t) = f1(x, t) + b1(x, t)u(t) + d1(t),.
x3(t) = x4(t),.
x4(t) = f2(x, t) + b2(x, t)u(t) + d2(t),

(2)

where xi(t) specify the state variables, f1(x, t), f2(x, t), b1(x, t) and b2(x, t) represent the
invertible known functions demonstrating system’s dynamics, and d1(t) and d2(t) indicate
exterior perturbations.

Assumption 1. The nonlinear functions fi(x, t), i = 1, 2 and bi(x, t), and external disturbances
di(t) are assumed differentiable.

The finite time convergence means that the system states converge to the equilibrium
or reference trajectory in the finite time. In order to illustrate this notion obviously, the
subsequent definition and lemma are introduced:

Definition 1. Consider the dynamic system
.
x = f (x), where x ∈ Rn. If there exists a constant

T > 0 such that the condition lim
t→T
‖ x ‖ = 0 is satisfied and ‖ x(t) ‖ ≡ 0 for t ≥ T, then the

dynamic system is finite time stable.

For the dynamic system
.
x = f (x), x ∈ Rn, the origin is finite time stable, if there exists

a nonempty neighbourhood of the origin {0} ∈ D ⊆ Rn, where: (a) the origin is Lyapunov
stable in D\{0}, (b) a settling time function T : D\{0} → R+ can be calculated so that
the unique solution of the dynamic system (χx0(t)) satisfies lim

t→T(x0)
‖ χx0(t) ‖ = 0 for all

t ∈ [t0, T(x0)] and x0 = x(t0) ∈ D\{0}.

Lemma 1. Assume that a continuous positive-definite function V fulfils the differential inequality
as [90]: .

V ≤ −αV − βVη , ∀t ≥ t0, V(t0) ≥ 0, (3)

where α and β signify two positive constants, and η denotes a ratio of two odd positive integers
(1 > η > 0) . Then, for any given time t0, the function V converges to the origin at least in a finite

time tr = t0 +
1

α(1−η)
ln
(

αV1−η(t0)+β
β

)
.

Proof. From (3), one can obtain − dV
αV+βVη ≥ dt, where integrating it from t0 to T yields:

−
∫ 0

V(t0)
dV

αV+βVη ≥
∫ T

t0
dt or −

∫ 0
V(t0)

V−ηdV
αV1−η+β

≥
∫ T

t0
dt. By using the integration action, one

achieves 1
α(1−η)

{
ln
(
αV1−η + β

)
− ln(β)

}
≥ T− t0 or T ≤ t0 +

1
α(1−η)

ln
(

αV1−η(t0)+β
β

)
. �
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3. Main Results

In order to study the stabilization of the perturbed nonlinear system, the dynamical
system (2) is rewritten as follows:

.
}(t) = A1}(t) + B1{ f1(x, t) + b1(x, t)u + d1(x, t)}, (4)

.
ň(t) = A2ň(t) + B2{ f2(x, t) + b2(x, t)u + d2(x, t)}, (5)

where }(t) = [x1x2]
T , ň(t) = [x3x4]

T , A1 = A2 =

[
0 1
0 0

]
, B1 = B2 = [01]T . According

to the pole-placement method, the terms k′x and k′′ x with k′ =
[
k1, k2

]
and k′′ =

[
k3, k4

]
are supposed, where the values of k′ and k′′ are chosen so that the deterministic equalities
λ2 + k2λ + k1 = 0 and λ2 + k4λ + k3 = 0 are stable. As a result, the dynamic systems with
exponential stability are found as

..
}(t) + k2

.
}(t) + k1}(t) = 0, (6)

..
ň(t) + k4

.
ň(t) + k3ň(t) = 0, (7)

where the above equations confirm that }(t) and ň(t) converge to the origin. Accordingly,
the dynamic systems (4) and (5) are updated as

.
}(t) =

(
A1 − B1k′

)
}(t) + B1

{
k′}(t) + f1(x, t) + b1(x, t)u + d1(x, t)

}
, (8)

.
ň(t) = (A2 − B2k′′ )ň(t) + B2{k′′ň(t) + f2(x, t) + b2(x, t)u + d2(x, t)}. (9)

The control signals can be provided as the following transformations:

u′ = b1(x, t)−1{v′ − f1(x, t)
}

, (10)

u′′ = b2(x, t)−1{v′′ − f2(x, t)}, (11)

where v′ and v′′ denote the new control inputs. The controllers (10) and (11) consist of
two parts: the first parts are −b1(x, t)−1 f1(x, t) and −b2(x, t)−1 f2(x, t) which are used
to eliminate the nonlinearities of the system, and the other parts are b1(x, t)−1v′ and
b2(x, t)−1v′′ which are given to attenuate the effects of external disturbances. If the control
signals (10) and (11) are substituted into (8) and (9), one obtains

.
}(t) =

(
A1 − B1k′

)
}(t) + B1

{
v′ + H′

}
, (12)

.
ň(t) = (A2 − B2k′′ )ň(t) + B2{v′′ + H′′ }, (13)

where H′ = k′}(t) + d1(x, t) and H′′ = k′′ň(t) + d2(x, t). The external disturbance terms
d1(x, t) and d2(x, t) are two continuous functions, and therefore, the functions H′ and
H′′ are also continuous. As a result, the dynamical systems (12) and (13) are completely
controllable and can be stabilized by various robust control techniques.

Remark 1. In the case that the terms b1(x, t) and b2(x, t) are not invertible, similar to [91], the pseu-
doinverse expressions are provided by b1(x, t)+ = (b1

Tb1)
−1b1

T and b2(x, t)+ = (b2
Tb2)

−1b2
T .

The sliding surfaces are defined by

s1(t) = z1(t)− x2(t) (14)

s2(t) = z2(t)− x4(t) (15)
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with z1(t) and z2(t) which are indicated by

.
z1(t) = −k1s1(t)− β1sgn(s1(t))− ε1s1(t)

p0
q0

−| f1(x, t)|sgn(s1(t)) + b1(x, t)u(t),
(16)

.
z2(t) = −k2s2(t)− β2sgn(s2(t))− ε2s2(t)

p0
q0

−| f2(x, t)|sgn(s2(t)) + b2(x, t)u(t),
(17)

where p0 and q0 are two odd positive integers (p0 < q0). The design coefficients k1, k2,
ε1, ε2, β1 and β2 are positive constants satisfying β1 ≥ |d1(x, t)| and β2 ≥ |d2(x, t)|. The
terminal sliding disturbance estimators d̂1(t), d̂2(t) are specified as

d̂1(t) = −k1s1(t)− β1sgn(s1(t))− ε1s1(t)
p0
q0

−| f1(x, t)|sgn(s1(t))− f1(x, t).
(18)

d̂2(t) = −k2s2(t)− β2sgn(s2(t))

−ε2s2(t)
p0
q0 − | f2(x, t)|sgn(s2(t))− f2(x, t).

(19)

Theorem 1. The underactuated system is considered as (2) and the switching surfaces are defined
as (14) and (15). Using the TSMC disturbance observers (18) and (19), the error trajectories of
disturbance approximation converge to the origin in the finite time.

Proof. Differentiating (14) and (15) in regard to time, and employing (16) and (17), one has

.
s1(t) = −k1s1(t)− β1sgn(s1(t))− ε1s1(t)

p0
q0

−| f1(x, t)|sgn(s1(t))− f1(x, t)− d1(t),
(20)

.
s2(t) = −k2s2(t)− β2sgn(s2(t))− ε2s2(t)

p0
q0

−| f2(x, t)|sgn(s2(t))− f2(x, t)− d2(t),
(21)

The Lyapunov candidate functional is constructed by

V1(t) =
1
2

(
s1(t)

2 + s2(t)
2
)

, (22)

where time-derivative of (22) is obtained as

.
V1(t) = s1(t)

.
s1(t) + s2(t)

.
s2(t)

= −k1s1
2 − β1|s1| − ε1s1

(p0+q0)
q0

− f1(x, t)s1 − d1(t)s1 − |s1|| f1(x, t)|

−k2s2
2 − β2|s2| − ε2s2

(p0+q0)
q0

−|s2|| f2(x, t)| − f2(x, t)s2 − d2(t)s2

≤ −
(
k1s1

2 + k2s2
2)− ε1s1

(p0+q0)
q0 − ε2s2

(p0+q0)
q0

−| f1(x, t)||s1|+ | f1(x, t)||s1|
−| f2(x, t)||s2|+ | f2(x, t)||s2|
−β1|s1|+ |d1(t)||s1| − β2|s2|+ |d2(t)||s2|

≤ −
(
k1s1

2 + k2s2
2)− ε1s1

(p0+q0)
q0 − ε2s2

(p0+q0)
q0

≤ −2min{k1, k2}V(t)− 2
(p0+q0)

2q0 min{ε1, ε2}V(t)
(p0+q0)

2q0 .

(23)
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According to (23), one can conclude that s1(t) and s2(t) are convergent to zero in finite
time. The estimation error d̃1(t)

(
= d̂1(t)− d1(t)

)
is obtained from (2), (16) and (18) as

d̃1(t) = −k1s1(t)− β1sgn(s1(t))− ε1s1(t)
p0
q0

−| f1(x, t)|sgn(s1(t))− f1(x, t)
−
( .
x2(t)− b1(x, t)u(t)− f1(x, t)

)
=

.
z1(t)−

.
x2(t) =

.
s1(t),

(24)

and the estimation error d̃2(t)
(
= d̂2(t)− d2(t)

)
is attained from (2), (17) and (19) as

d̃2(t) = −k2s2(t)− β2sgn(s2(t))− ε2s2(t)
p0
q0

−| f2(x, t)|sgn(s2(t))− f2(x, t)
−
( .
x4(t)− b2(x, t)u(t)− f2(x, t)

)
=

.
z2(t)−

.
x4(t) =

.
s2(t).

(25)

The Equations (24) and (25) clarify that according to convergence of switching curves
in finite time to the equilibrium (as shown in condition (23)), the estimation errors d̃1(t)
and d̃2(t) are convergent to the origin in the finite time. �

To propose the finite time stabilizers, the FTSMC manifolds are presented as

Σ1(t) = λ1s1(t) + µ1s1(t)
p0/q0 +

.
s1(t), (26)

Σ2(t) = λ2s2(t) + µ2s2(t)
p0/q0 +

.
s2(t), (27)

where λ1, λ2, µ1 and µ2 are positive constants. In what follows, to assure convergence of
FTSMC manifolds to origin in finite time, a new theorem is proved.

Theorem 2. Consider the underactuated plant (2), sliding surfaces (14) and (15), and FTSMC
manifolds (26) and (27). Using the control law as

.
u(t) = ℵ−1

{
γ1Σ1(t)

2 + γ2Σ2(t)
2 + κ1|Σ1(t)|p0/q0+1

+κ2|Σ2(t)|p0/q0+1 + Σ1(t)
(..

z1(t)−
.
f 1(x, t) +

..
s1(t)

+
(

λ1 + µ1ηs1(t)
p0/q0−1

) .
s1(t)−

.
b1(x, t)u(t)−

.
d̂1(t)

)
+Σ2(t)

((
λ2 + µ2ηs2(t)

p0/q0−1
) .

s2(t) +
..
z2(t)−

.
f 2(x, t)

−
.
d̂2(t)−

.
b2(x, t)u(t) +

..
s2(t)

)}
(28)

where ℵ = Σ1(t)b1(x, t) + Σ2(t)b2(x, t), γ1, γ2, η, κ are some arbitrary positive scalars, then, the
FTSMC manifolds are converged to zero in finite time and stay on it.

Proof. The Lyapunov candidate function is defined by

V2(t) = 0.5
(

Σ1(t)
2 + Σ2(t)

2
)

. (29)

From (26) and (27), time-derivatives of Σ1(t) and Σ2(t) are achieved as

.
Σ1(t) =

..
z1(t)−

..
x2(t) +

(
λ1 + µ1ηs1(t)

p0/q0−1
) .

s1(t)

= −
.
f 1(x, t) +

..
z1(t) +

(
λ1 + µ1ηs1(t)

p0/q0−1
) .

s1(t)

−
.
d1(t)−

.
b1(x, t)u(t)− b1(x, t)

.
u(t)

(30)
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.
Σ2(t) =

..
z2(t)−

..
x4(t) +

(
λ2 + µ2ηs2(t)

p0/q0−1
) .

s2(t)

=
..
z2(t)−

.
d2(t) +

(
λ2 + µ2ηs2(t)

p0/q0−1
) .

s2(t)

−
.
f 2(x, t)− b2(x, t)

.
u(t)−

.
b2(x, t)u(t)

(31)

Differentiating V(t), and by employing (30) and (31), we have

.
V2(t) = Σ1(t)

{..
z1(t) +

(
λ1 + µ1ηs1(t)

p0/q0−1
) .

s1(t)

−
.
b1(x, t)u(t)−

.
f 1(x, t)− b1(x, t)

.
u(t)−

.
d1(t)

}
+Σ2(t)

{..
z2(t) +

(
λ2 + µ2ηs2(t)

p0/q0−1
) .

s2(t)

−
.
b2(x, t)u(t)−

.
f 2(x, t)− b2(x, t)

.
u(t)−

.
d2(t)

}
.

(32)

Replacing (28) into (32), we have

.
V2(t) = Σ1(t)

{
−

.
d1(t) +

.
d̂1(t)−

..
s1(t)

}
+Σ2(t)

{
−

.
d2(t) +

.
d̂2(t)−

..
s2(t)

}
−
{

κ1|Σ1(t)|p0/q0+1 + κ2|Σ2(t)|p0/q0+1

+γ1Σ1(t)
2 + γ2Σ2(t)

2
}

.

(33)

Based on the results (24) and (25), two first terms of (33) are equal to zero and the
subsequent inequality holds:

.
V2(t) ≤ −2min{γ1, γ2}V(t)

−2
(p0/q0+1)

2 min{κ1, κ2}V(t)
(p0/q0+1)

2 .
(34)

Therefore, the Lyapunov function (29) approaches gradually to zero and the FTSMC
manifolds (26) and (27) converge to the equilibrium in the finite time. �

Remark 2. It is obtained from (34) that derivative of the Lyapunov functional with respect to
time is negative semi-definite and proves that Lyapunov function V(t) and FTSMC manifolds
Σ1(t) and Σ2(t) are both bounded. It is concluded from (26) and (27) that s1(t), s2(t),

.
s1(t)

and
.
s2(t) are all bounded functions. Because V(0) is a bounded scalar function and Lyapunov

function is nonincreasing, one achieves that lim
t→∞

∫ t
0 ‖ V(τ) ‖ dτ, lim

t→∞

∫ t
0 ‖ s1(τ) ‖ dτ and

lim
t→∞

∫ t
0 ‖ s2(τ) ‖ dτ are also bounded. Thus, due to Barbalat’s lemma and the boundedness of the

terms lim
t→∞

∫ t
0 ‖ s1(τ) ‖ dτ, lim

t→∞

∫ t
0 ‖ s2(τ) ‖ dτ,

.
s1(t) and

.
s2(t), the sliding surfaces s1(t) and

s2(t) converge to the origin, i.e., lim
t→∞

∫ t
0 s1(τ)dτ = lim

t→∞

∫ t
0 s2(τ)dτ = 0.

Considering the fast terminal sliding mode controller expressed in (28), the terms
s1(t)

p0/q0−1 and s2(t)
p0/q0−1 cause the singularity problem if s1(t) = 0 and s2(t) = 0

because of the negative power of the sliding surfaces. Hence, FTSMC cannot fulfill the
bounded control action when s1(t) = 0 and s2(t) = 0. Therefore, a nonsingular fast
terminal sliding controller is offered to dominate the singularity problem.

The nonsingular FTSMC manifolds is proposed as

Σ1(t) = µ1
−1( .

s1(t) + λ1s1(t)
)q0/p0 + s1(t), (35)

Σ2(t) = µ2
−1( .

s2(t) + λ2s2(t)
)q0/p0 + s2(t). (36)

For elimination of the singularity problem of FTSMC and satisfaction of convergence
of state variables to zero in finite time, the succeeding theorem is presented.
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Theorem 3. Consider the disturbed underactuated system (2) and nonsingular fast terminal sliding
surfaces (35) and (36). If the control input is employed as

.
u = Ξ−1

{
γ1Σ1(t)

2 + γ2Σ2(t)
2 + κ1|Σ1(t)|p0/q0+1

+κ2|Σ2(t)|p0/q0+1 + Σ1(t)(
.
s1 +

q0
µ1 p0

(
.
s1 + λ1s1)

q0/p0−1

×(..
z1(t)−

.
b1 (x, t)u(t) + λ1

.
s1 −

.
d̂1(t) +

..
s1 −

.
f 1(x, t)))

+Σ2(t)(
.
s2 +

q0
µ2 p0

(
.
s2 + λ2s2)

q0/p0−1
(

..
z2(t)−

.
f 2(x, t)

−
.
b2(x, t)u(t) +

..
s2 −

.
d̂2(t) + λ2

.
s2))

}
(37)

with Ξ = q0
µ1 p0

b1(x, t)Σ1(t)
( .
s1 + λ1s1

)q0/p0−1
+ q0

µ2 p0
b2(x, t)Σ2(t)

( .
s2 + λ2s2

)q0/p0−1, then,
the nonsingular FTSMC manifolds converge to origin in the finite time.

Proof. Construct the Lyapunov functional as (29). Differentiating Σ1(t) and Σ2(t), and
using (35) and (36), one finds

.
Σ1(t) =

.
s1(t) +

q0

µ1 p0

(..
s1(t) + λ1

.
s1(t)

)( .
s1(t) + λ1s1(t)

)q0/p0−1 (38)

.
Σ2(t) =

.
s2(t) +

q0

µ2 p0

(..
s2(t) + λ2

.
s2(t)

)( .
s2(t) + λ2s2(t)

)q0/p0−1 (39)

Differentiating Lyapunov functional (29) and using the second derivatives of (14) and (15),
one attains .

V2(t) = Σ1(t)
{ .

s1 +
q0

µ1 p0
(−

.
f 1(x, t) +

..
z1 −

.
b1(x, t)u(t)

−b1(x, t)
.
u(t)−

.
d1(t) + λ1

.
s1)(

.
s1 + λ1s1)

q0/p0−1
}

c

+Σ2(t)
{ .

s2 +
q0

µ2 p0
(

..
z2 −

.
f 2(x, t)−

.
b2(x, t)u(t)

−b2(x, t)
.
u(t)−

.
d2(t) + λ2

.
s2)(

.
s2 + λ2s2)

q0/p0−1
}

.

(40)

Substituting (37) into (40) yields

.
V2(t) = −κ1|Σ1(t)|p0/q0+1 − κ2|Σ2(t)|p0/q0+1

−γ1Σ1(t)
2 − γ2Σ2(t)

2

≤ −2min{γ1, γ2}V(t)

−2
(p0/q0+1)

2 min{κ1, κ2}V(t)
(p0/q0+1)

2 .

(41)

This result confirms that the nonsingular fast terminal sliding surface reaches the
origin in the finite time and the state variables are convergent to origin. �

The block diagram of the proposed control technique is displayed in Figure 1, which
demonstrates both disturbance estimator and finite time stabilizer parts.
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4. Simulation and Experimental Outcomes

In order to validate the theoretical outcomes of proposed structure, a cart-inverted
pendulum is considered in this section. In the studied system, the pendulum (pole)
is stabilized in an upright situation. The fourth-order cart-inverted pendulum plant
is in the form of an underactuated system [92]. The considered system is famous as
a suitable balancing testbed to prove the efficiency of several control techniques. The
principal issue in the stabilization of the considered pole is the nonlinear coupling goal in
rotational/translational motions in the presence of sinusoidal functions. The dynamics
of the cart-inverted pole exposed in Figure 2 is defined by the differential Equation (2),
with [89]

f1(x, t) =
mtgsin(x1)− 0.5mpLsin(2x1)x2

2

L
(
(4/3)mt −mpcos(x1)

2
) , (42)

f2(x, t) =
−(4/3)mpLx2

2sin(x1) + 0.5mpgsin(2x1)

(4/3)mt −mpcos(x1)
2 (43)

b1(x, t) =
cos(x1)

L
(
(4/3)mt −mpcos(x1)

2
) , (44)

b2(x, t) =
4

3
(
(4/3)mt −mpcos(x1)

2
) , (45)

where x1(t) indicates pendulum angular position from vertical axis, x2(t) denotes pen-
dulum angular velocity from vertical axis, x3(t) signifies cart position, x4(t) shows cart
velocity, g implies the gravity constant, L represents the half-length of the pendulum,
and mt signifies the system’s mass (comprising pendulum’s mass (mp) and cart’s mass
(mc). The initial states are given as [x1(0), x2(0), x3(0), x4(0)] = [(π/6), 0, −0.5, 0]. For
simulation use, the coefficients of cart-pole system are specified as mc = 1 Kg, mp = 0.3 Kg,
L = 0.25 m and g = 9.8 m/s2.

Mathematics 2021, 9, x FOR PEER REVIEW 10 of 17 
 

 

the stabilization of the considered pole is the nonlinear coupling goal in rotational/trans-

lational motions in the presence of sinusoidal functions. The dynamics of the cart-inverted 

pole exposed in Figure 2 is defined by the differential Equation (2), with [89] 

𝑓1(𝑥, 𝑡) =
𝑚𝑡𝑔 𝑠𝑖𝑛( 𝑥1) − 0.5𝑚𝑝𝐿 𝑠𝑖𝑛( 2𝑥1)𝑥2

2

𝐿((4/3)𝑚𝑡 − 𝑚𝑝 𝑐𝑜𝑠( 𝑥1)2)
, (42) 

𝑓2(𝑥, 𝑡) =
−(4/3)𝑚𝑝𝐿𝑥2

2 𝑠𝑖𝑛( 𝑥1) + 0.5𝑚𝑝𝑔 𝑠𝑖𝑛( 2𝑥1)

(4/3)𝑚𝑡 − 𝑚𝑝 𝑐𝑜𝑠( 𝑥1)2

 

(43) 

𝑏1(𝑥, 𝑡) =
𝑐𝑜𝑠( 𝑥1)

𝐿((4/3)𝑚𝑡 − 𝑚𝑝 𝑐𝑜𝑠( 𝑥1)2)
,

 

(44) 

𝑏2(𝑥, 𝑡) =
4

3((4/3)𝑚𝑡 − 𝑚𝑝 𝑐𝑜𝑠( 𝑥1)2)
,

 

(45) 

where 𝑥1(𝑡) indicates pendulum angular position from vertical axis, 𝑥2(𝑡) denotes pen-

dulum angular velocity from vertical axis, 𝑥3(𝑡) signifies cart position, 𝑥4(𝑡) shows cart 

velocity, 𝑔 implies the gravity constant, 𝐿 represents the half-length of the pendulum, 

and 𝑚𝑡 signifies the system’s mass (comprising pendulum’s mass (𝑚𝑝) and cart’s mass 

(𝑚𝑐 ). The initial states are given as [𝑥1(0), 𝑥2(0), 𝑥3(0), 𝑥4(0)] = [(𝜋/6),0, −0.5,0]. For 

simulation use, the coefficients of cart-pole system are specified as 𝑚𝑐 = 1 Kg , 𝑚𝑝 =

0.3 Kg, 𝐿 = 0.25 m and 𝑔 = 9.8 m/s2. 

 

Figure 2. Schematic representation of cart-inverted pole. 

The constants of sliding surfaces and control law are considered by trial and error as 

𝑘1 = 2, 𝑘2 = 1, 𝜀1 = 0.7, 𝜀2 = 0.5, 𝜆1 = 2.5, 𝜆2 = 3, 𝜅1 = 2, 𝜅2 = 1, 𝛽1 = 0.35, 𝛽2 = 0.25 

and 𝜂 = 0.8 . The exterior perturbations are taken as 𝑑1(𝑡) = 0.3 𝑠𝑖𝑛( 3𝑡) , 𝑑2(𝑡) =

0.2 𝑐𝑜𝑠( 1.5𝑡). It is displayed from the results that the proposed control technique effec-

tively stabilizes the cart-inverted pole. Figure 3 displays the time history of the pendulum 

angular position which exhibits that the pendulum is stabilized from the initial state 𝜋/6 

in presence of nonlinearities and exterior disturbances. Moreover, the position of the cart 

is displayed in Figure 3. It is attained from this figure that the suggested approach keeps 

the cart in a short distance. Time trajectories of surfaces and FTSMC manifolds are plotted 

in Figures 4 and 5, which reveal that switching surfaces and FTSMC manifolds converge 

to the origin quickly. Furthermore, as can be seen in Figure 5, there is a slight chattering 

problem in FTSMC manifolds according to the effects of perturbation and sign function. 

Figure 6 demonstrates the trajectory of the control input, which illustrates that the con-

troller input found after integrating is a continuous signal and does not have any chatter-

ing. According to these results, it is obvious that the recommended controller procedure 

has satisfactory robust presentation in the existence of nonlinearities and perturbations. 

Remark 3. A fair comparison is by making sure that the gains of the controllers are optimized and 

designed to ensure the best performance possible in each case. Once the optimum tracking perfor-

mance is obtained, the comparison between the two approaches is performed. Additionally, both 

Figure 2. Schematic representation of cart-inverted pole.

The constants of sliding surfaces and control law are considered by trial and error as
k1 = 2, k2 = 1, ε1 = 0.7, ε2 = 0.5, λ1 = 2.5, λ2 = 3, κ1 = 2, κ2 = 1, β1 = 0.35, β2 = 0.25 and
η = 0.8. The exterior perturbations are taken as d1(t) = 0.3sin(3t), d2(t) = 0.2cos(1.5t). It
is displayed from the results that the proposed control technique effectively stabilizes the
cart-inverted pole. Figure 3 displays the time history of the pendulum angular position
which exhibits that the pendulum is stabilized from the initial state π/6 in presence of
nonlinearities and exterior disturbances. Moreover, the position of the cart is displayed in
Figure 3. It is attained from this figure that the suggested approach keeps the cart in a short
distance. Time trajectories of surfaces and FTSMC manifolds are plotted in Figures 4 and 5,
which reveal that switching surfaces and FTSMC manifolds converge to the origin quickly.
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Furthermore, as can be seen in Figure 5, there is a slight chattering problem in FTSMC
manifolds according to the effects of perturbation and sign function. Figure 6 demonstrates
the trajectory of the control input, which illustrates that the controller input found after
integrating is a continuous signal and does not have any chattering. According to these
results, it is obvious that the recommended controller procedure has satisfactory robust
presentation in the existence of nonlinearities and perturbations.
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Remark 3. A fair comparison is by making sure that the gains of the controllers are optimized
and designed to ensure the best performance possible in each case. Once the optimum tracking
performance is obtained, the comparison between the two approaches is performed. Additionally,
both qualitative and quantitative parameters have been considered in the comparison analysis to
ensure a fair comparison. In this paper, a fair comparison (quantitative and qualitative) has been
performed and we have tried to consider the same qualitative and quantitative conditions in the
simulation results by our proposed technique and the method in [1]. Though the sliding surfaces
and control input laws of the proposed technique are simple, the simulation results of our control
approach have less oscillations and all trajectories converge to the origin quickly.

Furthermore, the experimental operation of the proposed controller is provided by
using MATLAB Real-Time and Simulink toolboxes (Figure 7). The angular situation of
the pendulum and cart’s position are both measured via Autonics® E40S encoders. The
employed (input–output) card is PCI-1751 and builds the connection among the practical
system and computer, and has digital to analog and analog to digital converters. Exper-
imental outcomes for the angular position of the pole and the position of the cart are
displayed in Figures 8 and 9. The angular position of the pole varies from –π rad to zero,
and then rests around the origin. These experimental assessments are reliable with the
simulation outcomes which prove the performance of the suggested method. The cart’s
controller input is demonstrated in Figure 10. It is displayed in Figure 10 that no chattering
occurs in the controller signal. In experimental outcomes, the time interval of swing-up
obtains a high-amplitude action. This assessment on the real cart-inverted pendulum
confirms that the proposed controller is practically efficient.



Mathematics 2021, 9, 1935 13 of 17

Mathematics 2021, 9, x FOR PEER REVIEW 12 of 17 
 

 

 

Figure 5. Time responses of FTSMC manifolds. 

 

Figure 6. Time response of the control input. 

Furthermore, the experimental operation of the proposed controller is provided by 

using MATLAB Real-Time and Simulink toolboxes (Figure 7). The angular situation of the 

pendulum and cart’s position are both measured via Autonics® E40S encoders. The em-

ployed (input–output) card is PCI-1751 and builds the connection among the practical 

system and computer, and has digital to analog and analog to digital converters. Experi-

mental outcomes for the angular position of the pole and the position of the cart are dis-

played in Figures 8 and 9. The angular position of the pole varies from –π rad to zero, and 

then rests around the origin. These experimental assessments are reliable with the simu-

lation outcomes which prove the performance of the suggested method. The cart’s con-

troller input is demonstrated in Figure 10. It is displayed in Figure 10 that no chattering 

occurs in the controller signal. In experimental outcomes, the time interval of swing-up 

obtains a high-amplitude action. This assessment on the real cart-inverted pendulum con-

firms that the proposed controller is practically efficient. 

 

Figure 7. Experimental setup of inverted pendulum system. Figure 7. Experimental setup of inverted pendulum system.

Mathematics 2021, 9, x FOR PEER REVIEW 13 of 17 
 

 

 

Figure 8. Time history of angular position of practical pendulum. 

 

Figure 9. Time history of position of cart (experimental result). 

 

Figure 10. Control input of constructed system. 

5. Conclusions 

This study offers a fast terminal sliding mode control procedure according to the dis-

turbance observer for the stabilization of underactuated systems with external perturba-

tions. A robust controller procedure is developed with the result that the switching man-

ifolds are convergent to equilibrium in the finite time. The proposed disturbance observer 

fulfills that the estimation error converges to equilibrium in the finite time. Moreover, the 

recommended controller methodology assures the stabilization of states. Numerical sim-

ulation results and practical validations on a cart-inverted pole verify the proficiency and 

reliability of the planned technique. One of the important traits of this experimental ap-

plication is employment of xPC-Target®  toolbox and data acquisition (DAQ) card in Sim-

ulink®  providing hardware-in-the-loop and rapid-prototype implementation. In the fu-

ture research, we will work on adaptive event-trigger-based finite time robust tracking 

control of underactuated mechanical systems. 

Author Contributions: Conceptualization, investigation, and writing—original draft preparation, 

T.R., S.M. and A.C.; writing—review and editing and supervision, J.H.A., M.T.V. and J.P. All au-

thors have read and agreed to the published version of the manuscript. 

Funding: This research received no external funding. 

Figure 8. Time history of angular position of practical pendulum.

Mathematics 2021, 9, x FOR PEER REVIEW 13 of 17 
 

 

 

Figure 8. Time history of angular position of practical pendulum. 

 

Figure 9. Time history of position of cart (experimental result). 

 

Figure 10. Control input of constructed system. 

5. Conclusions 

This study offers a fast terminal sliding mode control procedure according to the dis-

turbance observer for the stabilization of underactuated systems with external perturba-

tions. A robust controller procedure is developed with the result that the switching man-

ifolds are convergent to equilibrium in the finite time. The proposed disturbance observer 

fulfills that the estimation error converges to equilibrium in the finite time. Moreover, the 

recommended controller methodology assures the stabilization of states. Numerical sim-

ulation results and practical validations on a cart-inverted pole verify the proficiency and 

reliability of the planned technique. One of the important traits of this experimental ap-

plication is employment of xPC-Target®  toolbox and data acquisition (DAQ) card in Sim-

ulink®  providing hardware-in-the-loop and rapid-prototype implementation. In the fu-

ture research, we will work on adaptive event-trigger-based finite time robust tracking 

control of underactuated mechanical systems. 

Author Contributions: Conceptualization, investigation, and writing—original draft preparation, 

T.R., S.M. and A.C.; writing—review and editing and supervision, J.H.A., M.T.V. and J.P. All au-

thors have read and agreed to the published version of the manuscript. 

Funding: This research received no external funding. 

Figure 9. Time history of position of cart (experimental result).

Mathematics 2021, 9, x FOR PEER REVIEW 13 of 17 
 

 

 

Figure 8. Time history of angular position of practical pendulum. 

 

Figure 9. Time history of position of cart (experimental result). 

 

Figure 10. Control input of constructed system. 

5. Conclusions 

This study offers a fast terminal sliding mode control procedure according to the dis-

turbance observer for the stabilization of underactuated systems with external perturba-

tions. A robust controller procedure is developed with the result that the switching man-

ifolds are convergent to equilibrium in the finite time. The proposed disturbance observer 

fulfills that the estimation error converges to equilibrium in the finite time. Moreover, the 

recommended controller methodology assures the stabilization of states. Numerical sim-

ulation results and practical validations on a cart-inverted pole verify the proficiency and 

reliability of the planned technique. One of the important traits of this experimental ap-

plication is employment of xPC-Target®  toolbox and data acquisition (DAQ) card in Sim-

ulink®  providing hardware-in-the-loop and rapid-prototype implementation. In the fu-

ture research, we will work on adaptive event-trigger-based finite time robust tracking 

control of underactuated mechanical systems. 

Author Contributions: Conceptualization, investigation, and writing—original draft preparation, 

T.R., S.M. and A.C.; writing—review and editing and supervision, J.H.A., M.T.V. and J.P. All au-

thors have read and agreed to the published version of the manuscript. 

Funding: This research received no external funding. 

Figure 10. Control input of constructed system.

5. Conclusions

This study offers a fast terminal sliding mode control procedure according to the
disturbance observer for the stabilization of underactuated systems with external pertur-
bations. A robust controller procedure is developed with the result that the switching
manifolds are convergent to equilibrium in the finite time. The proposed disturbance ob-
server fulfills that the estimation error converges to equilibrium in the finite time. Moreover,
the recommended controller methodology assures the stabilization of states. Numerical
simulation results and practical validations on a cart-inverted pole verify the proficiency
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and reliability of the planned technique. One of the important traits of this experimental
application is employment of xPC-Target® toolbox and data acquisition (DAQ) card in
Simulink® providing hardware-in-the-loop and rapid-prototype implementation. In the
future research, we will work on adaptive event-trigger-based finite time robust tracking
control of underactuated mechanical systems.
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