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1 Introduction

In 1999, Neggers and Kim [1] introduced the algebraic structures of d-algebras,
a useful generalization of BCK-algebras, and they investigated several rela-
tions among d-algebras and BCK-algebras as well as several other relations
among d-algebras and oriented digraphs [2]. In 2012, Kandaraj and Chan-
damouleeswaran [3] introduced the notion of left F-derivations of d-algebras.
In 2015 and 2019, Al-Omary et al. [4] introduced the concepts of generalized
derivations and («, )-derivations on d-algebras.

In this paper, we introduce the notion of novel derivations induced by
some binary operations of d-algebra, give some important properties, and
find some conditions for each regular derivation induced by left or right bi-
endomorphisms. Finally, we study the composition of two derivations.

2 Preliminaries

In this section, we will review the definitions, theorems and the knowl-
edge needed for our study.

Definition 2.1. [1] An algebra X = (X, *,0) of type (2,0) is called a d-
algebra, where X is a nonempty set, x is a binary operation on X, and 0 is
a fized element of X if it satisfies the following axioms:

(dl) (Vz € X)(x*xz =0),

(d2) (Vz € X)(0xz =0),

(d3) (Ve,y e X)(xxy=0,yxx=0=1z=1y).

On a d-algebra X = (X, *,0), the binary relation < is defined as follows:
Ve,ye X)(x <y s xzxy=0).

Example 2.2. Let X = {0,a,b, c} with the following Cayley table:

*x|0 a b c
0j]0 0 0 O
alc 0 a a
blb ¢ 0 0
clec b a O

Then X = (X, %,0) is a d-algebra.

Definition 2.3. [2] A nonempty subset S of a d-algebra X = (X,%,0) is
called a subalgebra of X if Vx,y € S)(zxy € S), and a d-ideal of X if
(I1) Vz,ye X)(zxye S,ye S=xe€58),
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(12) (Vx € S,Vy € X)(zxy € 9).
It is easy to check that {0} and X are d-ideals of X.

We know that if I is a d-ideal of a d-algebra X = (X, *,0), then 0 € I,
and every d-ideal of X is a subalgebra.

Definition 2.4. [1] A d-algebra X = (X, *,0) is said to be an edge if (Y €
X)(xx X = {x,0}). It is known that if X is an edge d-algebra, then x+0 = x
forallx € X.

Proposition 2.5. [3] In any d-algebra X = (X, *,0), the following proper-
ties hold:

(A4) (Y2,y,2 € X)((w 5 y)# 2 = (2% 2) ),

5) (Va,y € X)(z* (zxy) <y),

6) (Vo,y,2 € X)((xxy)xz < x*(y=x2)),

7) (Vo,y,z € X)((wxy) x (xx2) < zxy),

8) (Va,y,z € X)((wx2)* (yx2) <wzxy),

9) (Ve e X)(z<0=2z=0),

10) (Vx,y,z€ X)(zxy=xx2=y=2),

dll) (Vo,y,z € X)(yxx=z%xx =y = 2),

(d12) (Vz,y,ze X)(e<y=azxz<yxzand zxy < z*x).

Definition 2.6. [6/ A d-algebra X = (X,*,0) is said to be associative if
(Vo,y,z € X)((z*xy)*x2z = x % (yx2)), and edge if (Vo € X)(x x X =
{x,0}). It is known that if X = (X, %,0) is an edge d-algebra, then (E)
(Ve e X)(z*0=ux).

(d

(d
(d
(d
(d
(d
(

3 Main results

In this section, we introduce bi-endomorphisms on d-algebras. After this, we
will use X instead of a d-algebra (X, x,0).

Definition 3.1. A binary operation f on X is called a left bi-endomorphism
on X if (Vx,y,z € X)(f(xxy, 2) = f(x,2)xf(y, 2)), a right bi-endomorphism
on X if Vx,y,z € X)(f(x,y*2) = f(z,y)* f(z,2)), and a bi-endomorphism
on X if it is both a left and a right bi-endomorphism on X.

Example 3.2. In Example 2.2, we define a binary operation f on X by
if (z,y) = (c,0),
if (z,y) = (b,0),
if (x,y) = (a,0),

otherwise.

flz,y) =

O Q@ o4O
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Then f is a left bi-endomorphism on X.

Proposition 3.3. If f is a left bi-endomorphism on X, then
(1) (Vo € X)(f(0,2) =0),
(2) (Vo,y € X)(0 < fz,y)),
3) (Va,y,z € X)(z <y = f(z,2) < [y, 2)).

Proof. (1) Let x € X. By (dl), we have f(0,z) = f(x xx,z) = f(x,x) *

f(xz,z) =0.
(2) It follows from (d2).
(3) Let z,y,2z € X be such that x < y. By 3.3, we have 0 = f(0,2) =

flxxy,2) = f(x,2) * f(y,2). Hence, f(zx,z) < f(y, 2). O
For right bi-endomorphisms, it can be deduced from Proposition 3.3.
Proposition 3.4. If f is a right bi-endomorphism on X, then
(1) (Vo € X)(f(x,0) =0),
(2) (Va,y € X)(0 < f(z,9)),
3) (Va,y,2 € X)(x <y = f(z,2) < f(z,9)).

If 5, is a left bi-endomorphism on X, we define ker(f;) = {z € X :
Bi(x,0) = 0}. If B is a right bi-endomorphism on X, we define ker(8,) =
{r € X :3.(0,2) =0}. If B is a bi-endomorphism on X, we define ker(5) =
{z € X : B(x,z) = 0}. By Propositions 3.3 and 3.4, we have ker(3;), ker(5,),
and ker(() are nonempty.

Proposition 3.5. (1) If §; is a left bi-endomorphism on X, then ker(/3;)
is a d-ideal (and also a subalgebra) of X.

(2) If B, is a right bi-endomorphism on X, then ker(f3,) is a d-ideal (and
also a subalgebra) of X .

(3) If B is a bi-endomorphism on X, then ker(B) is a subalgebra of X.

Proof. (1) (I1) Suppose that 5, is a left bi-endomorphism on X. Let x xy €
ker(5;) and y € ker(3;). Then 0 = fi(xx*y,0) = 5i(x,0)*5,(y,0) = Gi(x, 0) 0.
Using (d9), we get B;(z,0) = 0. Thus z € ker(f;).

(I12) Let x € ker(f5;) and y € X. By (d2), we have [;(z * y,0) = [(z,0) *
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Bi(y,0) = 0% 5,(y,0) = 0. Thus x*y € ker(f;). Therefore, ker(f;) is a d-ideal
of X.

(2) By the same method of 3.5, the statement 3.5 can be obtained.

(3) Suppose that f is a bi-endomorphism on X. Let x,y € ker(3). By
(d2), we have B(z * y,x x y) = B(x, v x y) * By, * y) = (B(z, ) * B(x,y)) *
(B(y,x) * By, y)) = (0 Bz, y)) * (B(y, ) * 0) = 0 (B(y,z) * 0) = 0. Thus
x xy € ker(). Therefore, ker(/3) is a subalgebra of X. O

Let B;(X) (resp., B.(X), B(X)) be a set of all left bi-endomorphisms
(resp., right bi-endomorphisms, bi-endomorphisms) on an associative d-algebra
X. We define an operation x on By(X) by for all f,g € B)(X), (Vx,y €
X)(fxg)(z,y) = f(z,y) *g(z,y)). Indeed, let z,y,z € X and f,g € B/(X).
By (d4) and associativity, we have (fxg)(x*y,z) = f(zxy,2)*g(x*xy,z) =
(f(z,2)* fy,2)) x (g(z, 2) x g(y, 2)) = (f(z, 2) * (9(x,2) % g(y, 2))) * f(y, 2) =
((f(@,2) x g(x,2)) * g(y,2) * f(y,2) = ((f *x 9)(x,2) * g(y,2)) * f(y,2) =
((f xg)(@,2) = f(y,2)) * g(y,2) = (f xg)(x,2) * (f(y,2) x g(y,2)) = (f *
g)(x,2) % (f xg)(y,z). Thus f*g € B;(X), so x is a binary operation on
By(X). Similarly, we define an operation x on B,(X) and on B(X) as an
operation x on Bj(X).

Theorem 3.6. If X is an associative d-algebra, then (By(X),*,0), (B.(X),
*x,0), and (B(X),*,0) are also associative d-algebras, where O is the zero
map; i.e., O(x,y) =0 for all z,y € X.

Proof. (d1) Let f € B)(X) and z,y € X. By (dl), we have (f * f)(z,y) =
fz,y)* f(x,y) =0. Thus f* f = O.

(d2) Let f € B)(X) and z,y € X. By (d2), we have (O f)(z,y) = O(z,y) *
flx,y) =0x% f(x,y) =0. Thus O* f = O.

(d3) Let f, g € B;(X) besuch that fxg = O and gxf = O and z,y € X. Then
flx,y)xg(z,y) = (f*g)(z,y) = 0= (gx f)(z,y) = g(z,y) = f(z,y). By (d3),
we have f(x,y) = g(z,y). Thus f = g. (Associativity) Let f,g,h € B)(X)
and z,y € X. Then ((f x g) x h)(z,y) = (f(z,y) * g(z,y)) * h(z,y) =
[, y) = (g(z, y)« h(z,y)) = (f x (gxh))(z,y). Thus, (f*xg)xh = fx(g*h).
Hence, (Bi(X),*,0) is an associative d-algebra. For B,(X) and B(X), it
can be proved the same as B;(X). O

A self-map ¢ : X — X is called an endomorphism on X if ¢(x xy) =
o(z) x o(y), for all z,y € X.

Definition 3.7. Let ¢ : X — X be an endomorphism on X. A binary
operation f on X is called a ¢p-endomorphism on X if (Vx,y € X)(f(z,y) =

o(x) * d(y)).
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Proposition 3.8. Let ¢ : X — X be an endomorphism on X.

(1) If a left bi-endomorphism (5, on X is a ¢-endomorphism such that
Bi(x,0) =0 for all x € X, then ¢ is the zero map.

(2) If a right bi-endomorphism B, on X is a ¢p-endomorphism, then 5,(0,x) =
0 for all x € X and ¢ is the zero map.

Proof. (1) Suppose that a left bi-endomorphism S, on X is a ¢-endomorphism
such that fi(x,0) = 0 for all x € X. Let x € X. Then 0 = fi(z,0) =
o(x) * ¢(0) = P(x) x 0. As (d9), we get ¢(x) = 0. Hence, ¢ is the zero map.

(2) Suppose that a right bi-endomorphism , on X is a ¢-endomorphism.
Let x € X. By (d2), we have £,(0,z) = ¢(0) * ¢(z) = 0% ¢(z) = 0. By
Proposition 3.4 3.4, we have 0 = £,(7,0) = ¢(z) * ¢(0) = ¢(x) * 0. Using
(d9), we have ¢(x) = 0. Hence, ¢ is the zero map. O

The binary operation M on X is defined by (Vz,y € X)(zMy = (y*x)*x).

Next, we generalize derivation on d-algebra induced by a binary operation
fon X.

Definition 3.9. Consider a binary operation f on X. A self-map dy : X —

X is called an (I,r)-f-derivation of X if (Vz,y € X)(ds(x *y) = (ds(z) *

£ 9) (2, 9) * dy())), an (1, 1)-F-derivation of X if (Va,y € X)(dy(z +

y) = (f(z,y) *de(y)) N (ds(z) * f(x,y))), an f-derivation of X if it is both
n (I,7)- and an (r,1)-f-derivation of X, and regqular if d¢(0) = 0.

Theorem 3.10. Ifdy is a reqular (1, r)-f-derivation of X, then (Vz € X)(f(0,z) <
ds(z)).

Proof. Suppose that d; is a regular (I, r)- f-derivation of X. Let z € X. By
(42), we have 0 — dy(0) = dg(0+ 2) = (d7(0) * £(0,)) 1 (£(0,2)  dy(x)) —
(05 f(0,2))1(f(0, ) wdg(x)) = 0M(f(0, 2) xdg(x)) = ((f(0,2)*ds(x))*0)*0.
By (d9), we have f(0,z) * ds(x) = 0, that is, f(0,2) < ds(z). O

Theorem 3.11. Ifd; is a reqular (r,1)- f-derivation of X, then (Vx € X)((d(x)*
[, )« (f (2, 2) x dp(x)) < (f (2, 2) * d())).

Proof. Suppose that d; is regular. Let z € X. By (d1), we have 0 = d;(0)
dy(axz) = (flw, 2) * dy (D) (dp(e) = F(z,2)) = (d5(2) 5 f 2, 7)) * (f (2, )
de(z))) * (f(x,z) * dg(z)). That is, (ds(z) * f(z,x)) * (f(x,x) * dp(x))

(f (2, ) x dyg(x)).

CIA % |l
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Proposition 3.12. Let 5, be a left bi-endomorphism on X. Every (I,r)-f-
derivation of X is reqular. In particular, if X is edge, then (Vx € X)(dg, () =

(dﬁz (1’) * ﬁl(za O)) Ml ﬁl(za O))

Proof. Suppose that dg, is an (I, r)-f-derivation of X. By (dl), (d2), and
Propositions 3.3 3.3, we have dg,(0) = dg,(0%0) = (dg,(0)*3(0,0))M1(5(0,0)
dﬁz(o)) = (dﬁz(o) * O) M (0 * dﬁz(o)) = (dﬁz(o) * O) Mo = (O * (dﬁz(o) * O)) *
(ds,(0) % 0) = 0. Hence, dpg, is regular.

Suppose that X is edge. Let € X. By (E), we have dg,(z) = dg,(x*0) =
(day(2) * Fi(2,0)) 1 (Bi(x,0) * sy (0)) = (day(x) * A(x,0)) M (Bi(,0) * 0) =
(dﬁz(x)*Bl(xv()))'_lﬁl(xv())’ O

Definition 3.13. Let I be a d-ideal of X, g a self-map on X, and f a
binary operation on X. Then I is called an f-ideal of X if f(x,y) € I for
all z,y € I. An f-ideal I of X is called to be g-invariant if g(I) C I.

*

Corollary 3.14. Let §; be a left bi-endomorphism on an associative and edge
d-algebra X . Every B;-ideal of X is dg,-invariant.

Proof. Let I be a f-ideal of X. Let x € I. By (d1), (E), associativity, and
Proposition 3.12, we have dg, (z) = (dg,(x) * £i(2,0)) 1 Bi(x,0) = (5i(z,0) *
(da, () * Bil, 0))) * (dg, (x) % 5i(x, 0)) = i, 0) * ((dg, () * B, 0)) * (dg, () *
Bi(,0))) = Bi(x,0) x0 = By(x,0) € I. Hence, I is dg-invariant. O

Proposition 3.15. Let 3, be a right bi-endomorphism on an edge d-algebra
X. Bvery (l,r)-B.-derivation of X is the zero map.

Proof. Suppose that dg, is an (I,r)-f,-derivation of X. Let z € X. By
(E), (d2), and Propositions 3.4 3.4, we have dg (z) = dg,(x * 0) = (dgs,(z) *
Br(2,0)) 1 (Br(2,0) * dg, (0)) = (dg,(x) * 0) 11 (0 % dg,(0)) = dg (x) M0 =
(0% dg,(0)) % dg,(0) = 0. Hence, dg, is the zero map. O

Theorem 3.16. Let 3, be a left bi-endomorphism on an edge d-algebra X .
If dg, is an (r,1)-f-derivation of X satisfying dg,(z) = 5i(2,0) for allz € X,
then dg, is the zero map.

Proof. Suppose that dg, is an (r,[)-f-derivation of X satisfying dg (z) =
Bi(x,0) for all z € X. Let x € X. By (E), (d1), and (d2), we have dg,(z) =
sy (0) = (Au(z,0)di (0)) (A )y, 0)) = (i, 0) s, (0)) 71 (e ()
02y (2)) = (5i(z,0) %5, (0)710 = (0 (5i(i, 0) 5 (0))) (i, 0) 5, (0)) = 0.
Hence, dg, is the zero map. O
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Theorem 3.17. Let 3, be a left bi-endomorphism on an edge d-algebra X.
If dg, is an (I, 7)-Bi-derivation of X satisfying dg,(0) = 5,(z,0) for allz € X,
then dg, is the zero map.

Proof. Suppose that dg, is an (I,r)-f;-derivation of X satistying dg,(0) =
Bi(z,0) for all z € X. Let x € X. By (E), (d1), and (d2), we have dg,(z) =
dg,(zx0) = (dg, (z) * (2, 0)) N (By(x,0) xdg,(0)) = (dg, () * 5i(,0)) M1(dg, (0) *
dg,(0)) = (dg,(x)* Bi(, 0)) 710 = (0% (dg,(x) * Bi(, 0))) * (dg, (x) * Bi(, 0)) = 0.

Hence, dg, is the zero map. O

Theorem 3.18. Let (3, be a right bi-endomorphism on an edge d-algebra
X. Ifdg, is an (r,1)-B,-derivation of X satisfying dg,.(x) = B,(0,z) for all
x € X, then dg, is the zero map.

Proof. Suppose that dg, is an (r,1)-f,-derivation of X satisfying dg, (z) =
Br(0,z) forallz € X. Let x € X. By (E), (d1), and (d2), we have dg,(0)%0 =
dg,(0) = dp (0 % x) = (B:(0,2) * dg,(x)) N (d,(0) x 5,(0,x)) = (dg, (x) *
dg, (x)) M (ds, (0) % dg,(x)) = 0N (dg, (0) * dp, (x)) = ((ds,(0) *dp, (x)) x0) %0 =
ds,(0) % dg (z). Using (d10), we have dg (zr) = 0. Hence, dg, is the zero
map. U

Theorem 3.19. Let 3, be a right bi-endomorphism on an edge d-algebra X .
If dg, is an (I,7)-B,-derivation of X, then dg, is the zero map.

Proof. Suppose that dg, is an (I,r)-f,-derivation of X. Let z € X. By
(E), (d1), (d2), and Propositions 3.4 3.4, we have dg, (x) = dg, (x *x 0) =

(dg, ()% B, (2, 0)11(B, (2, 0) % dg, (0)) = (dg, () x0)"(0xdp, (0)) = dp, ()10 =
(0% dg,(z)) * dg,(x) = 0. Hence, dg, is the zero map. O

Next, we determine the composition of derivations on d-algebras.

Proposition 3.20. Let f be a binary operation on an associative and edge
d-algebra X defined by f(z,y) = z for all x,y € X. If df and Dy are
(I,7)-f-derivations of X, then dg o Dy is also an (l,r)-f-derivation of X.

Proof. Suppose that dy and Dy are (I, r)-f-derivations of X. Let z,y € X.
By associativity, (d1), and (E), we have (df o Df)(x x y) = ds(Dy(z *
y)) = di(Dy(x) * f(z,y)) 1 (f(z,y) * Dr(y))) = dr(Dy(x) * x) 11 (z *
Dy(y))) = dp(((x * Dy(y)) * (Dy(x) x ) * (Dyp(x) * x)) = ds((x* Ds(y)) *
((Dy(x) * ) * (Dy(x) * x))) = de((x = Dy(y)) * 0) = dy(z * Dy(y)) =
(ds(x) * f(z, Dy(y ))) (f(z, Dy(y)) * dp(Dy(y))) = (d(x) = f(z,Ds(y))) M
(f(z, Dy(y)) * (dy o Dy)(y)) = ( (@) flay)) T (f (s y) = (dy o Dy)(y)) =
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((f(z,y)* (dpoDg)(y)) = (dy(x)* f(x, ) * (de(x) * f(z,y)) = (f (z,y) * (dfo
Dy)(y)) = ((ds(z) * f(2,y)) * (ds(x) = f (=, ))):( (v, ) + (dyoDy)(y)) 0 =
f(@,y) = (dy o Dy)(y) = f(z, Dy(y)) * (dfon)(y): f(z,y) = (dyo Dy)(y) =
(f(z,y)* (dfoDy)(y)) *0 = (f(x,y)*(dfODf)(y))*(((dfon)( )* f(z,y))
((dyo Dy)(x)* fx,y))) = ((f(z,y) * (dro Ds)(y)) * (df o Dg)(x)  f(,y))) *
((df o Dy)(z) * f(z,y)) = ((df o Dy)(x) * f(z,y)) 1 (f(x,y) = (dy © Df)(y)).
Hence, ds o Dy is an (I, r)- f-derivation of X. O

The following proposition follows easily.

Proposition 3.21. Let f be a binary operation on defined by f(x,y) =y
for all x,y € X. If dy and Dy are (r,1)-f-derivations of X, then df o Dy is
also an (r,1)-f-derivation of X.

Theorem 3.22. Let ) be a left bi-endomorphism on an associative and edge
d-algebra X and let dg,, Dg, be (I,1)-f;-derivations of X. Then

(1) (Vo € X)((ds, © Dg)(x) = dg, (b=, 0))),
(2) (Ve € X)(Ail,0) = 0= (dg, © Dg,)(z) = 0),
(3) dg, o Dg, is reqular.

Proof. (1) Let z € X. By (E), (d1), and Proposition 3.12, we have (dg, o

DBL)(I) (dﬁzoDﬁz)(I*O) - dﬁl(Dﬁz(x*O)) dﬁl((Dﬁz(x)*ﬁl(xa 0)) (61(1', 0)
D, (0))) = dp, (((Bi(x, 0) * D, (0)) * (D, () * fi(,0))) * (D, () * fi(, 0))) =
dg, ((Bi(x,0)% D, (0)) * (D, () % 5y, 0)) * (Dpg, () % Ai(, 0)))) = dig, ((Bu(, 0)
D (0)) %0) = dy, (5(2,0) * D3y (0)) = iy (1(z, 0) *0) = s (fh(z, 0)).

(2) The proof is straightforward by (1) and Proposition 3.12.

(3) This follows from (2) and Propositions 3.3 3.3. O

From Proposition 3.15, we get the following theorem.

Theorem 3.23. Let 3, be a right bi-endomorphism on an edge d-algebra X .
If dg, and Dg, are (I,7)-B,-derivations of X, then dg, o Dg, is the zero map.

Next, we define Der(,.r(X) (resp., Der.r(X)) denotes the set of all
(I, 7)-f-derivations (resp., (r,[)-f-derivations) on an associative and edge d-
algebra X. Let df, Dy € Derg,).f(X). Define the binary operation M on
Ders(X) as follows: df M Dy = Dy.

The following two propositions follow from Propositions 3.12 and 3.15,
respectively.
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Proposition 3.24. Let 5; be a left bi-endomorphism on an associative and
edge d-algebra X . If dg, and Dg, are (I,7)-0;-derivations of X, then dg M Dg,
is a regular (I,7)-f-derivation on X. Moreover, (Der .5 (X),M) is a band
(idempotent semigroup).

Proposition 3.25. Let 5, be a right bi-endomorphism on an associative and
edge d-algebra X . Ifdg. and Dg, are (I,r)-p,-derivations of X, then dg, MDg,
is the zero map. Moreover, (Der .5, (X), M) is a zero semigroup.
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