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ABSTRACT

The purpose of the paper is to solve problem 1. Moreover, we prove fixed point the-
orems for contraction mappings in complete rectangular b-metrics and give examples as a
satisfying the theorems in such spaces and give examples as a satisfying the theorems in rect-
angular b-metric spaces. Finally, we apply our result fo examine the existence and uniqueness
of solution for a system of Fredholm integral equation.
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1. Introduction

In 2015, George et al. [1] established
the concept of rectangular b-metric space as
a generalization of metric space (MS) [2].
rectangular metric space (RMS) [3] and b-
metric space (bMS) [4].

In the same year. Ege [6] established
the complex valued rectangular b-metric
space (CRbMS) as a generalization of a
complex valued metric space (CMS) [5] and

rectangular b-metric space (RbMS) [1] and
proved an analogue of Banach contraction
principle. Author also proved a different
contraction principle with a new condition
and a fixed point theorem in this space. Fi-
nally. author gave an application of Banach
contraction principle to linear equations.
The complex metric space was ini-
tiated by Azam et al. [5]. Let C be the
set of complex numbers and z;,z2 € C.
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Define a partial order < on C as follows:
71 S 7o ifand only if Re(z1) < Re(z3) and
Im(zy) < Im(zy). It follows that z; < z9 if
one of the following conditions is satistied:
(C1)Re(z1) = Re(z2), Im(z1) = Im(z2);
(C2)Re(z1) = Re(z2), Im(z1) < Im(z2);
(C3)Re(z1) < Re(z2), Im(z1) = Im(z2);
(Ca)Re(z1) < Re(z2), Im(z1) < Im(z2).
Particularly, we write 71 < zo if 71 #
zo and one of (C3), (C3) and (Cy) is satis-
fied and we write z; < zo if only (Cy) is
satisfied. The following statements hold:
() Ifa,b e Rwitha < b, then az < bz for
all z e C.
(2)If 0 < 71 < 79, then |z1] < [z2].
(3)Ifz1 < 79 and z5 < z3, then z; < z3.

Definition 1.1 ([6]). Let X be a nonempty
set and the mapping d : X x X — C satis-
fies:

(1) 0 < d(x,y) forallx =y;

(i) d(x,y) = 0 if and only if x = y;

(iil) d(x,y) =d(y,x) forallx,y € X;

(iv) there exists a real number s > 1 such
that d(x,y) < s[d(x,u)+d(u,v)+d(v,y)]
for all x,y € X, and all distinct points
u,v € X\{x,y}. Then d is called a com-
plex valued rectangular b-metric on X and
(X, d) is called a complex valued rectangu-
lar b-metric space (in short CRbMS) with
coefficient .

MS bMS

CMSK ¢\RMS —_ CbMS¢¢ ubRI\a"IS
CRMS¢ —_— MCRbMS‘

Note that every complex valued space is a
complex valued rectangular b-metric space
with coefficient s = 1.

Example 1.2 ([6]). Let X = A U B, where
A= {% :n € Nland B = Z" and d :
XxX — Cbe defined as follows: d(x, y) =

79

d(y,x) forall x,y € X and

0, if x=y;
d(x.y) = 2t, if x,y € A;
: 5. if xeAandy ¢ {2,3},
t, otherwise,

where ¢ > 0 is a constant. Then (X, d) is a
complex valued rectangular b-metric space
with coefficient s = 2, but (X, d) is not a
complex valued rectangular metric space.

Now, we review definition in com-
plex valued rectangular b-metric spaces as
follows:

Definition 1.3 ([6]). Let (X, d) be a com-
plex valued rectangular b-metric space.
{x,} be a sequence in X and x € X. Then

(1) The sequence {x,} is said to be
complex valued convergent in (X,d) and
converges to x, if for every € > 0 there
exists ngp € N such that d(x,.x) < e for
all n > ng and this fact is represented by
lim,, s X, =X 0rx,, — xasn — oo

(il) The sequence {x,} is said to be
complex valued Cauchy sequence in X if for
every € > 0 there exists np € N such that
d(xp.xpsp) < €foralln > ng, p > 0or
equivalently. if lim,, o0 d (X, Xp+p) = 0 for
all p > 0.

(iii) X is said to be a complete com-
plex valued rectangular b-metric space if
every Cauchy sequence in X converges to
some x € X.

Lemma 1.4 ([6]). Let (X, d) be a complex
valued rectangular b-metric space and let
{xn} be a sequence in X. Then {x,} con-
verges to x if and only if |d(x,,x)| — 0 as
n — co,

Lemma 1.5 ([6]). Let (X.,d) be a com-
plex valued rectangular b-metric space
and let {x,} be a sequence in X. Then
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{xn} is a Cauchy sequence if and only if
|d(xn:xn+m)| — Oasn — oo

The main result in paper [6] is the
following theorem (The Banach contraction
principle theorem in complex valued rect-
angular b-metric spaces).

Theorem 1.6. Let (X, d) be a complex val-
ued complete rectangular b-metric space
with coefficient s > 1 andT : X — X be a

mapping satisfying:

d(Tx,Ty) 2 ad(x,y) (1.1)

forall x,y € X, where a € [0, %) Then T
has a unique fixed point.

In 2017, Mitrovi¢ [7], improved
[0, %,) to [0, 1) for the Banach contraction
principle theorem of George et al.[1] inrect-
angular b-metric spaces.

The above results naturally bring us
to the following open problem.
Open Problem 1. In Theorem 1.6, we can
extend therange of @ tothe case @ € [% 1)?

The purpose of this paper is to give
some affirmative answers to the questions
raised. We prove fixed point theorems for
contraction mappings in complete rectangu-
lar b-metrics and give examples extend the
theorems in such spaces. Finally, we ap-
ply our result to examine the existence and
uniqueness of solution for a system of Fred-
holm integral equation.

2. Main Results

In this section, we prove a fixed point
theorem for contraction mappings in com-
plete rectangular b-meftric space and give an
example that satisfies main theorem in such
spaces.

Theorem 2.1. Let (X, d) be a complex val-
ued complete rectangular b-metric space.

Suppose that T : X — X is a mapping sat-
isfving: There exists constant @ with a €
[0, 1) such that

d(Tx,Ty) S ad(x,y) (2.1

for all x,y € X. Then T has a unique

fixed point. Moreover, the Picard itera-

tion {xp},., defined by xp+1 = Txp. con-
verges to fixed point for any xo € X, where
n=0,12 ...

Proof. Let a € [0, 1). Since lim, . a" =
0, there exists a natural number kg such that

0<aks<1, (2.2)

for all k > kp. Let xp be a arbitrary in X
such that Txg = x; € X. Define a sequence
{x,}byx, =Tx,_1 € X, wheren=1,2, ...

So. suppose that x,, # x,4 for all n >
0. Then x,, # xue foralln > 0, k£ > 1.
Namely, if x,, = x,44 for some n > 0 and
k > 1wehavethat Tx, = Tx, . andx,,; =
Xn+k+1- BY (2.1). we have

d(»’frm;, xm+q) = d(Txn+q—1: T~’Cm+q—1)
S ad(Xpig—1:Xmig-1)
= ad(Txnh:{—Qa Txm+q—2)
= azd(xn+q—2:xm+q—2)
<
<ald(x,,x,), n.m,q € N.
(2.3)

Similarly, we get for any n,r € N,

d(xp, Xper) = d(Txp-1.TXpsr-1)
s ad(xn—lyxrﬁr—l)
=< di(~rr},—2:~rn+r—2)
<:

< a"d(xo.x,). (2.4)

Since 0 < @ < 1, we get
lim, . d(x,,x,41) = 0. We next prove
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that {x,} is a Cauchy sequence by letting
m,n € Nwithm,n > kg,

d(‘xﬂa xm) <s [d(xn: xn+ko)
+ d(xn+kg . xm+k()) + d(xm+ko s xm.)]
< sla"d(xo, xk,)

+ akﬂd(xna Xom) + amd(xk(]:xﬂ)] .

(2.5)
It follows that
sa™ + sa™
|d(xp, xm)| < Wﬁ(ﬁfo,xkoﬂ-
(2.6)

Thus {x,} is a Cauchy sequence in X. By
completeness of a complete rectangular b-
metric space (X, d), there exists p € X such
that x, — p asn — co.

Next, we will show that p is a fixed point of
T.Letn € N|J{0}. We have

d(p,Tp) = sld(p,x,) +d(xp. Xp41)
+d(xp+1.Tp)]
< s[d(p.xp) +d(xp. Xp41)
+d(Tx,,Tp)]
< s[d(p.xp) +d(xp. Xp41)
+ ad(xy, p)]. 2.7)

Taking limit as n — oo in (2.7), we get p =
Tp. Thus p is a fixed point of 7. To prove
uniqueness, suppose that there exists p* €
X such that p* = Tp*. We consider

d(p,p*) =d(Tp.Tp")

<ad(p,p"), (2.8)

which implies

ld(p.p*)| < ald(p,p*)l. (2.9)

and then p = p*. So. the Picard itera-
tion {x,},_, defined by x,41 = Tx,. n =
0,1,2,... converges to p for any xp €
X. O

81

We give examples in order to validate
the proved result.

Example 2.2. Let X = R with d(x,y) =
lx —y|?+ilx—y|?.LetT : X — X be given

by
)r2
{ 5
3x
o4
Then (X, d) is a complete CRbMS

with coefficient s = 2. Let x, y € X. Now,
we consider. forany x,y € X \ [-1,1],

if x,ye[-11];
if x,yeX\|[-1,1].

Tx =

d(Tx,Ty) = |Tx = Ty|*> +i|Tx - Ty|?
9 .
= (= yP+ile =y

< ad(x,y), (2.10)

) .
where @ = fr and @ € [1,1). Ifx,y €

[-1,1], |x| # 1 and |y| # 1 then

d(Tx,Ty) = |Tx —Ty|*> +i|Tx — Ty|?

= (I =y +il® = 37

2

= T ey
e+ y[?

Tty 45
= ad(x.y),

+ilx - y[?)

(|x = y[> +ilx = y[*)
(2.11)

2 .

where @@ = lx':—ﬁgu—:) and o € [f, 1), which

implies that 7 has a unique fixed point 0 €
X.

3. Application

In this section. we endeavor to ap-
ply Theorem 2.1 to prove the existence and
uniqueness of solution of the following in-
tegral equation of Fredholm type:

b
x(r):f G(t,s,x(s))ds+h(r) (3.1)

fort,s € |a, b] where, G, h € C([a,b].R)
(say X =C([a,b],R) Defined : X x X —
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C by d(x,y) = sup,eiqp) X(1) — y(1)* +
i SUDPsepq.p) [X(7) — y(t)|? forall x,y € X,
Then, (X, d) is a complete extended rect-
angular b-metric space. see example 2.2.
Now. we are equipped to state and prove our
result as follows:

Theorem 3.1. For all x,y € X :=
C([a,b].R),
G(t,s.x(1),G(1, .S',A'(_\-‘))) = m
(3.2)

forallt,s € |a, b]. Then the integral equa-
tion (3.1) has a unique solution.

Proof Define T : X — X by Tx(1) =
G(t,s,x(s))ds + h(r) for all t,s € |a,b]
It is clear that, x is a fixed point of the op-
erator T if and only if it is a solution of the
integral equation For all x, y € X, we get

| fx(t) = fy(0)]?
b
ﬁf |G (1, 5,x(5)) —G(t,s,y(s))|ds
1 b

b
= f
a
Sup (

T
4(b_a) tela.b] Ja

S~ lds

ds)?, (3.3)
then d(fx(r) — fy(r)) — 0 as n — oo with
m € [0, 1]. Hence, the operator 7 has a
unique fixed point, that is, the Fredholm in-
tegral Equation (3.1) has a unique solution
]

4. Conclusion

The purpose of this paper is to give
some affirmative answers to the questions
raised. We proved fixed point theorems for
contraction mappings in complete rectangu-
lar b-meftrics and gave examples that satisfy
the theorems in such spaces. Finally. we ap-
ply our result to examine the existence and
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uniqueness of solution for a system of Fred-
holm integral equation:

Let (X, d) be a complex valued com-
plete rectangular b-metric space. Suppose
that 7 : X — X is a mapping satisfying:
There exists constants @ with @ € [0,1)
such that

d(Tx,Ty) S ad(x,y) (4.1)

for all x,y € X. Then T has a unique
fixed point and the Picard iteration {x,}
defined by x,+1 = Tx,, converges to fixed
point for any xy € X, wheren =0,1,2, ....

b
x(t) = f G(t,s,x(s))ds+ h(r) (4.2)
fort,s € |a, b] where, G, h € C([a,b].R)
(say X = C([a,b],R) Forall x,y € X :=
C([a,b],R),

G(f, S,X(-f), G(f, .S'.,).'(_\!))) < ﬁ

(4.3)

for all 1, s € [a, b]. Then the integral equa-
tion 3.1 has a unique solution.
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